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Nonparametric Bellman Mappings
for Reinforcement Learning:

Application to Robust Adaptive Filtering
Yuki Akiyama, Minh Vu, and Konstantinos Slavakis∗

Abstract—This paper designs novel nonparametric Bellman
mappings in reproducing kernel Hilbert spaces (RKHSs) for
reinforcement learning (RL). The proposed mappings benefit
from the rich approximating properties of RKHSs, adopt no
assumptions on the statistics of the data owing to their nonpara-
metric nature, require no knowledge on transition probabilities of
Markov decision processes, and may operate without any training
data. Moreover, they allow for sampling on-the-fly via the design
of trajectory samples, re-use past test data via experience replay,
effect dimensionality reduction by random Fourier features,
and enable computationally lightweight operations to fit into
efficient online or time-adaptive learning. The paper offers also
a variational framework to design the free parameters of the
proposed Bellman mappings, and shows that appropriate choices
of those parameters yield several popular Bellman-mapping
designs. As an application, the proposed mappings are employed
to offer a novel solution to the problem of countering outliers in
adaptive filtering. More specifically, with no prior information on
the statistics of the outliers and no training data, a policy-iteration
algorithm is introduced to select online, per time instance, the
“optimal” coefficient p in the least-mean-p-power-error method.
Numerical tests on synthetic data showcase, in most of the cases,
the superior performance of the proposed solution over several
RL and non-RL schemes.

Index Terms—Bellman mappings, reinforcement learning, non-
parametric, adaptive filtering, outliers.

I. Introduction
A. Motivation: Adaptive filters against outliers

The least-squares (LS) error/loss plays a pivotal role in
signal processing, e.g., adaptive filtering (AdaFilt) [1], and
machine learning [2, 3]. Notwithstanding, the LS loss is
notoriously sensitive to the presence of outliers [4], where
outliers are defined as contaminating data that do not adhere
to a nominal data-generation model, and are often viewed
as random variables (RVs) with non-Gaussian heavy tailed
distributions, e.g., α-stable ones [5, 6]. To counter outliers in
AdaFilt, non-LS losses, such as the p-norm (2 > p ∈ R++) [7–
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14] and correntropy [15, 16] have been studied (henceforth,
R++ will denote the set of all positive real numbers).

Consider the classical linear data-generation model in
AdaFilt: yn = θᵀ

∗xn + on, where n ∈ N denotes discrete
time (N is the set of all non-negative integers), θ∗ ∈ RL is
the L× 1 vector/system with real-valued entries that needs to
be estimated (estimandum), on is the real-valued RV which
models outliers/noise, (xn, yn) stands for the input-output
pair of available data, where xn ∈ RL and yn ∈ R, and
ᵀ denotes vector/matrix transposition. The online-learning
setting is considered, that is, data (xn, yn)n∈N appear to the
user/agent in a streaming fashion, a pair (xn, yn) per time
index n, while no training data are available. All operations
in the following discussion are performed online, so that the
time index n coincides with the iteration index of the proposed
reinforcement-learning (RL) algorithm.

Motivated by the importance and longevity of p-norm
algorithms in robust statistics [4, 7], this study focuses on
the least-mean-p-power-error (LMP) method [8] because of its
simplicity: LMP is an application of the classical stochastic-
gradient-descent (SGD) method to the p-power/norm error/loss
|yn−xᵀ

nθ|p, p ∈ [1, 2]. In other words, for an arbitrarily fixed
θ0 ∈ RL, LMP generates sequence (θn)n∈N to estimate θ∗:

θn+1 := θn + ρp sgn(en) |en|p−1 xn , (1)

where en := yn − xᵀ
nθn = xᵀ

n(θ∗ − θn) + on is the classical
a-priori error [1, (10.11)], ρ is the learning rate (step size),
and sgn(·) : R → {±1} provides the sign of a real number.
The p-power loss is a convex function of θ for p ∈ [1, 2]. If
p = 1 and 2, then (1) boils down to the classical sign-LMS
and LMS, respectively [1]. The p-power loss remains convex
even if p > 2, but such values of p may amplify large-variance
outliers on via |en|p−1 and inflict instabilities on (1).

Intuition suggests that the choice of p in (1) should be
based on the probability density function (PDF) of the RV
on. Indeed, if on obeys a Gaussian PDF, then p = 2 yields the
2-power loss which agrees with the maximum-likelihood crite-
rion. Nevertheless, having prior knowledge on the statistics of
the outliers is usually infeasible in practice, as in cases where
no training data are available, and in dynamic environments
where the statistics of the outliers may be time varying.

Combinations of LMP filters, with different p-power
losses [9] as well as forgetting factors [12], have been proposed
to surmount the problem of pinpointing the “best” p, but still,
the problem remains and translates to that of pinpointing the
“best” combination, which again depends on the underlying
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outlier PDF. A data-driven solution to the problem of dynam-
ically selecting p, per time instance n, from streaming data
with no prior knowledge on the statistics of on and no training
data seems to be missing from the AdaFilt literature.

B. Contributions
Building on its short preliminary version [17], this

manuscript offers a solution to the aforementioned AdaFilt
problem by reinforcement learning (RL) [18, 19]. In RL, an
agent takes a decision/action based on feedback provided by
the surrounding environment on the agent’s past actions. RL
is a sequential-decision-making framework with the goal of
minimizing the long-term loss/price (a.k.a. Q-function) to be
paid by the agent for its own decisions. Central to RL are Bell-
man mappings (B-Maps) which operate on the Q-functions,
have deep roots in dynamic programming [18, 20], and a
range of applications which extend from autonomous naviga-
tion, robotics, resource planning, sensor networks, biomedical
imaging, and can reach even to gaming [18].

Rather than adopting a popular off-the-shelf RL method,
this manuscript designs a novel family of B-Maps to solve the
AdaFilt problem at hand. The contributions of this work are
summarized as follows.

(C1) In contrast with the majority of existing B-Maps, which
are defined in Banach spaces (no inner product available),
the proposed B-Maps, as well as the Q-functions, are
specifically defined in reproducing kernel Hilbert spaces
(RKHSs) to take advantage of the rich approximating
properties of RKHSs [21, 22] and the flexibility an RKHS
inner product brings into the design of loss functions and
constraints.

(C2) The proposed B-Maps possess ample degrees of freedom;
indeed, Proposition 1 offers a variational framework to
identify their free parameters, and shows that by appropri-
ately designing those parameters, several popular B-Maps
fall as special cases under the umbrella of the proposed
design. Section II-C provides a thorough literature review
on the prior art of B-Maps.

(C3) Owing to the kernel functions, the proposed B-Maps are
rendered nonparametric, with no need for statistical priors
and assumptions on the data, in an effort to reduce as
much as possible the bias inflicted on data modeling by
the user [23]. The price to be paid for this distribution-
free approach is that the dimensions of the Q-function
estimates scale with the number of observed data. To sur-
mount this “curse of dimensionality,” a dimensionality-
reduction strategy based on random Fourier features is
offered in Section III-D.

(C4) The proposed B-Maps allow for sampling on-the-fly via
the design of trajectory samples in Section III-C, do
not require any knowledge on transition probabilities of
Markov decision processes, and enable computationally
lightweight operations to fit into the online or time-
adaptive learning required by the AdaFilt problem at
hand.

(C5) For the first time in the literature, this manuscript and its
short preliminary version [17] offer an RL-based solution

. . . s s′ . . .Transition probability
P(s′ | s, a)

One-step loss
g(s, a)

Long-term loss
Q(s′, µ(s′))

Fig. 1. RL as a sequential-decision-making framework: Identify the agent’s
policy µ(·) (a decision- or action-making function) which minimizes the total
loss (= one-step loss + long-term loss) to be paid by the agent for its sequence
of decisions/actions.

(Algorithm 1) to the problem of countering outliers in
AdaFilt.

The proposed B-Maps are introduced in Section II-C, their
properties are established in Theorems 2 and 4, a solution to
the AdaFilt problem of Section I-A is provided in Section III,
and a performance analysis of Algorithm 1 is offered in
Section IV. The well-known policy-iteration (PI) strategy [18]
is adopted in Algorithm 1, because of its well-documented
merits (e.g., [24–26]), especially for continuous state spaces.
To keep the discussion simple, a quadratic loss on Q-functions
is defined via the proposed B-Maps, and the classical SGD rule
is applied to update the Q-function estimates (Section III-B).
To promote the use of past data, experience replay [27] is
employed in Section III-C2, while [17] uses rollout [18].
Being approximates of the classical B-Maps, the proposed B-
Maps aim at the theoretical/algorithmic core of RL. Hence,
although this manuscript considers AdaFilt, the proposed B-
Maps can be applied potentially to any domain where B-Maps
are needed; see the beginning paragraph of this section for
examples of such application domains.

With regards to (C4), it is worth noting here that the
popular deep learning (DeepL), e.g., [28], offers an alternative
parametric way of designing rich approximating spaces for Q-
functions. However, this is achieved at the price of learning
from training data prior to the online mode of operation (test-
stage), or even re-training during the test-stage to address the
often met scenario of facing test data with different statistics
than those of the training data (dynamic environments). Such
modes of learning raise computational-complexity issues and
discourage the application of DeepL solutions to online modes
of operation where a small computational-complexity footprint
is desired.

The RL-based AdaFilt solution is built on a continuous state
space, because of the nature of (xn, yn). In contrast with
[17], where the state space is the high-dimensional R2L+1,
this study confines the state space to the low-dimensional R4.
The action space is considered to be discrete; an action is a
value of p taken from a finite grid of the interval [1, 2].

Numerical tests on synthetic data in Section V support
the theoretical findings and demonstrate that the advocated
framework outperforms, in most of the cases, several RL
and non-RL schemes. Due to limited space, all proofs and
appendices are included in the supplementary file of the
manuscript.
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II. Novel Nonparametric Bellman Mappings for RL

A. Notation and preliminaries

A continuous state space S ⊂ RD is considered, with state
vector s ∈ S, for some D ∈ N∗ (N∗ is the set of all positive
integers). The action space is denoted by A, with action a ∈
A. For convenience, the state-action tuple is defined as z :=
(s, a) ∈ Z := S×A. Moreover, let all mappings M := {µ(·) |
µ(·) : S → A : s 7→ µ(s), and µ is surjective}, and define a
deterministic policy π ∈ Π := MN := {(µ0, µ1, . . . , µn, . . .) |
µn ∈ M, n ∈ N}. Given µ ∈ M, the stationary policy πµ ∈ Π
is defined as πµ := (µ, µ, . . . , µ, . . .). By abuse of notation, µ
will hereafter denote also the stationary policy πµ.

RL can be viewed as a sequential-decision framework; cf.
Figure 1. In short, an agent, currently at state s ∈ S, takes an
action/decision a ∈ A and transitions to a new state s′ ∈ S
with transition (conditional) probability P(s′ | s, a) at the price
of the one-step loss g(s, a). Quantity Q(s′, µ(s′)) denotes the
long-term loss, or, the price to be paid if the agent continues
to take actions, from the state s′ and on, according to the
stationary policy µ(·). Typically, g(·) : Z → R and Q(·) : Z →
R are considered points of the functional Banach space B of
all (essentially) bounded functions, equipped with the L∞-
norm [18, 19]. Recall that by definition a Banach space B is
not equipped with an inner product.

Departing from standard RL routes which revolve around
Banach spaces B, this study considers a reproducing kernel
Hilbert space (RKHS) H [21, 22] as the ambient space where
g and Q belong to. The RKHS H is a Hilbert space with inner
product 〈· | ·〉H, norm ‖·‖H := 〈· | ·〉1/2H , and a reproducing
kernel κ(·, ·) : Z× Z → R such that κ(z, ·) ∈ H, ∀z ∈ Z, and
the reproducing property holds true: Q(z) = 〈Q | κ(z, ·)〉H,
∀Q ∈ H, ∀z ∈ Z. Space H may be infinite dimensional;
e.g., the case where κ(·, ·) is a Gaussian kernel [21, 22]. For
compact notations, let the feature mapping ϕ(z) := κ(z, ·) and
QᵀQ′ := 〈Q | Q′〉H.

Finally, notation TN := {(si, ai, s′i)}Ni=1 ⊂ S × A ×
S, for N ∈ N∗, will be used hereafter to denote a
collection of trajectory samples, with s′i being a poten-
tial subsequent state of si after the agent takes action ai.
This study does not necessitate si+1 = s′i, allowing thus
for looser assumptions than Markovian ones in stochastic
analyses; see, for example, Assumption 3(ii). Moreover, gi
will stand for either g(si, ai, s′i) or g(si, ai), depending on
the context of discussion. For a reproducing kernel κ(·, ·)
and its feature mapping ϕ(·), let for convenience ΦTN

:=
[ϕ(z1), . . . , ϕ(zN )], where zi := (si, ai), and define then
KTN

:= Φᵀ
TN

ΦTN
as the N ×N kernel matrix whose (i, i′)th

entry is κ(zi, zi′) = 〈ϕ(zi) | ϕ(zi′)〉H = ϕᵀ(zi)ϕ(zi′).
Moreover, let Φ′

µ := [ϕ(s′1, µ(s
′
1)), . . . , ϕ(s

′
N , µ(s

′
N ))], and

g := [g(s1, a1), . . . , g(sN , aN )]ᵀ.

B. The classical B-Maps

The classical B-Maps are defined in a Banach space B and
quantify the total loss (= one-step loss + expected long-term

loss) to be paid by the agent when taking action a at state
s [29]. More specifically, T �

µ , T
� : B → B, where ∀Q ∈ B,

(T �
µQ)(s, a) := g(s, a) + αEs′|(s,a){Q(s′, µ(s′))} , (2a)

(T �Q)(s, a) := g(s, a) + αEs′|(s,a){ inf
a′∈A

Q(s′, a′)} , (2b)

and where Es′|(s,a){·} stands for the conditional expecta-
tion [30] over all possible subsequent states s′ of s, conditioned
on (s, a), and α is the discount factor with typical values in
(0, 1). Mapping (2a) refers to the case where the agent takes
actions according to the stationary policy µ(·), while (2b)
serves as a greedy variation of (2a). Note that (2b) can
be recast in the form of (2a) whenever the inf in (2b) is
achievable:

(T �Q)(s, a) := g(s, a) + αEs′|(s,a){Q(s′, µQ(s
′))} (2c)

= (T �
µQ
Q)(s, a) ,

where, given Q, the stationary policy µQ(·) is defined as
µQ(s

′) := argmina′∈AQ(s′, a′), so that Q(s′, µQ(s
′)) =

mina′∈AQ(s′, a′).
Given a mapping T : B → B, its fixed-point set is defined

as FixT := {Q ∈ B | TQ = Q}. It is well known that FixT �
µ

and FixT � play a central role in identifying the policy which
minimizes the total loss [18]. Typically, the discount factor
α ∈ (0, 1) to render T �

µ , T
� contractions [18, 31], so that

FixT �
µ and FixT � become singletons [31].

C. The proposed B-Maps and prior art
In most real-world cases, (complete) knowledge of the

conditional PDF of s′ on (s, a) is unavailable to the agent, so
that the computation of the conditional expectation Es′|(s,a){·}
in (2) is rendered infeasible. A classical way to surmount this
obstacle is to approximate Es′|(s,a){·} by sample averaging.
This classical route, popular in RL, is also followed here to
introduce the proposed B-Maps in (3).

Hereafter, losses g,Q are assumed to belong to an RKHS
H. For some Nav ∈ N∗, consider the state-space vectors
Sav := {sav

i }
Nav
i=1 ⊂ S, chosen by the user to enable sampling

of trajectory samples on-the-fly to approximate the conditional
expectation in (2). Define also, for convenience in notation and
for a µ ∈ M, Φav

µ := [ϕ(sav
1 , µ(s

av
1 )), . . . , ϕ(s

av
Nav
, µ(sav

Nav
))].

Consider also the user-defined {ψi}Nav
i=1 ⊂ H, with Ψ :=

[ψ1, . . . , ψNav ]. Then, the proposed B-Maps Tµ, T : H → H
are defined as follows: ∀Q ∈ H, ∀µ ∈ M,

Tµ(Q) := g + α
∑Nav

i=1
Q(sav

i , µ(s
av
i )) · ψi

= g + αΨΦavᵀ
µ Q , (3a)

T (Q) := g + α
∑Nav

i=1
infai∈AQ(sav

i , ai) · ψi

= g + αΨ infµ∈M Φavᵀ
µ Q , (3b)

where infµ∈M Φavᵀ
µ Q is defined as the Nav × 1 vector whose

ith entry is infµ∈MQ(sav
i , µ(s

av
i )) = infai∈AQ(sav

i , ai), and
where the last equality is established because of the surjectivity
of µ in the definition of M. Let also the Nav × Nav kernel
matrices KΨ := ΨᵀΨ and Kav

µ := Φavᵀ
µ Φav

µ . Vectors Sav may
be also used to incorporate training data in (3).
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The proposed B-Maps (3) serve as approximates of the
classical B-Maps, where conditional expectations need not
be computed, and the expected long-term loss in (2) is
approximated by a sampling average in (3), that is, by a linear
combination of {ψi}i with coefficients which are defined via
samples of the long-term loss. The asymptotic consistency of a
special class of (3) with the classical B-Maps, as the number of
samples goes to infinity, is established formally in Theorem 4.

The proposed B-Maps are instances of the general strategy
of “RL with function approximation” [18]. Both the one-step
g and the long-term loss Q are considered to be elements of an
RKHS H to capitalize on the rich geometry introduced by the
reproducing inner product 〈· | ·〉H [21, 22]. For example, the
samples of the long-term loss in (3) can be viewed as inner-
product evaluations via the reproducing property Q(s, a) =
〈Q | ϕ(s, a)〉H = ϕᵀ(s, a)Q. This elementary observation
establishes the latter formulations in (3a) and (3b), and will
be also used later in (27) to derive simple recursions for
Algorithm 1.

It is worth stressing here that the price to be paid for working
in an RKHS, and not a more general Banach space, which is
a typical case in prior-art designs (cf. Section II-C), is that an
RKHS may fail to model and capture non-smooth and possibly
non-continuous Q-functions, which can be instead modeled by
the more general L∞-Banach space of all essentially bounded
functions. Nevertheless, a Banach space does not offer the
convenience of an inner product.

To underline the ample degrees of freedom offered by the
user-defined {ψi}i, the following proposition demonstrates
that by appropriately tuning the {ψi}i through a variational
framework, the proposed B-Maps (3) yield as special cases
the popular designs (7), (10), (15), as well as [32, (7)] and
[33, (3)].
Proposition 1. (Variational framework for B-Maps) Con-
sider the user-defined loss function L : RN × RN×Nav →
R : (γ,Υ) 7→ L(γ,Υ) and the regularizing function R : RN×
RN×Nav → R : (γ,Υ) 7→ R(γ,Υ), and let (γ?,Υ?) stand for
the minimizers of the following variational problem:

(γ?,Υ?) ∈ arg min
γ∈RN ,Υ∈RN×Nav

L(γ,Υ) + σR(γ,Υ) , (4)

where σ ∈ R+, and where (4) is assumed to possess a solution.
(i) Consider a stationary policy µ. Let µ? ∈ M be a

stationary policy s.t. µ?(si) := ai and µ?(s
′
i) := µ(s′i),

∀i ∈ {1, . . . , N}. Define also sav
i := si, ∀i ∈ {1, . . . , N},

and sav
i := s′i−N , ∀i ∈ {N + 1, . . . , 2N}, so that

Φav
µ?

= [ΦTN
,Φ′

µ] and Nav = 2N . Define also

L(γ,Υ) := ‖KTN
(γ + αΥΦavᵀ

µ?
Q)− g − αΦ′ᵀ

µ Q‖2RN ,
(5a)

R(γ,Υ) := (γ + αΥΦavᵀ
µ?
Q−K†

TN
Φᵀ

TN
Q)ᵀKTN

· (γ + αΥΦavᵀ
µ?
Q−K†

TN
Φᵀ

TN
Q) , (5b)

where K†
TN

is the Moore-Penrose pseudoinverse of KTN
,

to verify that the solution to (4) is:

γ? := (KTN
+ σIN )−1g , (6a)

Υ? := (KTN
+ σIN )−1[(σ/α)K†

TN
, IN ] . (6b)

Then, the proposed Tµ?
(Q) in (3a), with g := ΦTN

γ? and
Ψ := ΦTN

Υ?, yields the least-squares-policy-evaluation
(LSPE) B-Map: for Q = ΦTN

w and any arbitrarily
chosen w ∈ RN ,

TLSPE,µ(Q)

:= arg min
Q′∈H

∑N

i=1

[
Q′(zi)− gi − αQ(s′i, µ(s

′
i))

]2
+ σ‖Q′ −Q‖2H (7)

= ΦTN
γ? + αΦTN

Υ?Φ
avᵀ
µ?
Q

= ΦTN
(KTN

+ σIN )−1g

+ αΦTN
(KTN

+ σIN )−1[(σ/α)K†
TN

, IN ]

·
[
Φᵀ

TN
Q

Φ′ᵀ
µ Q

]
,

which was originally introduced for Euclidean spaces
via (7) in [34, 35], and extended for RKHSs in [36].

(ii) Consider a stationary policy µ, and define µ? and Φav
µ?

as in Proposition 1(i). Define also the temporal-difference
(TD) feature vectors ΦTD := ΦTN

− αΦ′
µ and KTD :=

Φᵀ
TDΦTD. Moreover, let

L(γ,Υ) := ‖KTD(γ + αΥΦavᵀ
µ?
Q)− g‖2RN , (8a)

R(γ,Υ) := (γ + αΥΦavᵀ
µ?
Q−K†

TDΦ
ᵀ
TDQ)ᵀKTD

· (γ + αΥΦavᵀ
µ?
Q−K†

TDΦ
ᵀ
TDQ) . (8b)

to verify that

γ? := (KTD + σIN )−1g , (9a)
Υ? := (KTD + σIN )−1K†

TD[(σ/α)IN ,−σIN ] , (9b)

solve (4).
Then, the proposed Tµ?

(Q) in (3a), with g := ΦTDγ? and
Ψ := ΦTDΥ?, yields the Bellman-residual (BR) B-Map:
for Q = ΦTDw and any arbitrarily chosen w ∈ RN ,

TBR,µ(Q)

:= arg min
Q′∈H

∑N

i=1

[
Q′(zi)− gi − αQ′(s′i, µ(s

′
i))

]2
+ σ‖Q′ −Q‖2H (10)

= ΦTDγ? + αΦTDΥ?Φ
avᵀ
µ?
Q

= ΦTD(KTD + σIN )−1g

+ αΦTD(KTD + σIN )−1K†
TD[(σ/α)IN ,−σIN ]

·
[
Φᵀ

TN
Q

Φ′ᵀ
µ Q

]
,

which was originally presented via (10) in [37, 38].
(iii) Given a stationary policy µ ∈ M, let µ? := µ, sav

i := s′i,
∀i ∈ {1, . . . , N}, and Φav

µ?
:= Φ′

µ. Define also

L(γ,Υ) := ‖KTN
(γ + αΥΦavᵀ

µ?
Q)− g − αΦ′ᵀ

µ Q‖2RN ,
(11a)

R(γ,Υ) := (γ + αΥΦavᵀ
µ?
Q)ᵀKTN

(γ + αΥΦavᵀ
µ?
Q) ,
(11b)

to verify that

γ? := (KTN
+ σIN )−1g , (12a)

Υ? := (KTN
+ σIN )−1 , (12b)
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solve (4).
Then, the proposed Tµ?

(Q) in (3a), with g := ΦTN
γ?

and Ψ := ΦTN
Υ?, takes the following form:

Tµ?
(Q) = ΦTN

γ? + αΦTN
Υ?Φ

avᵀ
µ Q

= ΦTN
(KTN

+ σIN )−1g

+ αΦTN
(KTN

+ σIN )−1Φavᵀ
µ Q . (13)

Proof: See Appendix A.
LSPE in Proposition 1(i) shows strong connections with the

classical temporal difference (TD) [19, 35, 39–41], where the
TD recursion (Q-learning) is an SGD step on the loss in (7)
for N = 1. The popular LS temporal difference (LSTD) [26,
42–45] computes a fixed point QLSTD,µ ∈ FixTLSPE,µ ∩
span {ϕ(zi)}Ni=1, where

FixTLSPE,µ ∩ span {ϕ(zi)}Ni=1

=
{
Q ∈ span {ϕ(zi)}Ni=1

∣∣TLSPE,µQ = Q
}

= {Q ∈ span {ϕ(zi)}Ni=1 | (ΦTN
Φᵀ

TN
− αΦTN

Φ′ᵀ
µ )Q

= ΦTN
g } ; (14)

see Appendix A for a proof of (14). That fixed point becomes
unique whenever KTN

− αΦ′ᵀ
µ ΦTN

is invertible:

QLSTD,µ = ΦTN
(KTN

− αΦ′ᵀ
µ ΦTN

)−1g , (15)

where (15) follows easily from (14) after using (ΦTN
Φᵀ

TN
−

αΦTN
Φ′ᵀ

µ )−1ΦTN
= ΦTN

(KTN
− αΦ′ᵀ

µ ΦTN
)−1. Interest-

ingly, it has been demonstrated that LSPE/LSTD perform
better in general than TD in numerical tests [44].

Mapping TBR,µ in Proposition 1(ii) can be viewed as
the popular proximal mapping defined by Proxf/(2σ)(Q) :=
argminQ′∈H f(Q

′)+2σ·(1/2)‖Q−Q′‖2H [31], with f(Q′) :=∑N
i=1[Q

′(zi) − gi − αQ′(s′i, µ(s
′
i))]

2. Extensions to cases
where the loss in (10) is further regularized by additional
convex functions, such as the `1-norm loss for example to
impose structure onto the desired solutions, can be found
in [46–48].

Operator ΦTN
(KTN

+ σIN )−1Φavᵀ
µ of (13) appears also

in [32, (7)] and [33, (3)], where RKHSs are used as approx-
imating spaces for conditional expectations via distribution
embeddings in the following sense: under certain conditions,
the existence of an hµ(s,a) ∈ H such that 〈Q | hµ(s,a)〉H =

Es′|(s,a){Q(s′, µ(s′))}, ∀(s, a) ∈ Z, is guaranteed [33, 49,
50]. By tailoring the arguments of [33] to the current context,
a B-Map can be defined as H 3 Q 7→ Temb,µ(Q)(s, a) :=
g(s, a) + α〈Q | ĥµ(s,a)〉H, where

ĥµ(s,a) :=
∑N

i=1

ci(s, a)∑N
j=1|cj(s, a)|

ϕ(s′i, µ(s
′
i)) ∈ H

serves as an estimate for the unknown hµ(s,a), with
c(s, a) := [c1(s, a), c2(s, a), . . . , cN (s, a)]ᵀ := (KTN

+
σIN )−1Φᵀ

TN
ϕ(s, a). Due to the existence of the denominator

in the definition of ĥµ(s,a), Temb,µ(Q) is not guaranteed in
general to belong to H, even if Q ∈ H. As such, Temb,µ(Q) is
treated as an element of a Banach space (of all essentially
bounded functions) in [33, (6), (7)]. Moreover, notice that
c(s, a) needs to be computed at each point (s, a) ∈ Z,

which poses computational obstacles in cases where Z is
either continuous or of massive cardinality. Further, the pre-
vious idea to approximate conditional expectations by inner
products do not seem to work smoothly in the case of (2b),
because the hypothetical existence of an h(s,a) that satisfies
〈Q | h(s,a)〉H = Es′|(s,a){infa′∈AQ(s′, a′)}, and the linearity
of the inner product, would suggest that the previous condi-
tional expectation is a linear function of Q; however, this is
not true in general due to the existence of the inf operator.

Motivated by the Nadaraya-Watson kernel estimate [23],
and for a non-negative and not necessarily reproducing kernel
function χ(·, ·) : S ×S → R, another major prior-art path is
kernel-based (KB)RL [24, 25], built on the following B-Maps:
∀(s, a) ∈ Z,

TKBRL,µ(Q)(s, a) :=
∑

(si,ai,s′i)∈T a
N

χ(s, si)
(
gi + αQ(s′i, µ(s

′
i))

)
,

(16a)

TKBRL(Q)(s, a) :=
∑

(si,ai,s′i)∈T a
N

χ(s, si)
(
gi + α inf

a′∈A
Q(s′i, a

′)
)
,

(16b)

where T a
N := {(si, ai, s′i) ∈ TN | ai = a}, TN is typically con-

sidered to comprise “historical” (training) trajectory data, gi :=
g(si, ai, s

′
i), and χ needs to satisfy

∑
(si,ai,s′i)∈T a

N
χ(s, si) =

1. Following [24], a simple way to enforce the previous
constraint on χ for every s ∈ S is via another non-negative
“mother” kernel function ζ(·, ·):

χ(s, si) :=
ζ(s, si)∑

(sj ,aj ,s′j)∈T a
N
ζ(s, sj)

. (17)

Even if ζ is a reproducing kernel of an RKHS H and Q ∈
H, due to the denominator of (17), there is no guarantee, in
general, that χ, TKBRL,µ(Q), and TKBRL(Q) belong to H [24].
For such a reason, the discussion in [24, 25] stays in a Banach
space (of all essentially bounded functions), with no use of
an RKHS inner product. KBRL mappings (16) have been also
adopted in [51–54].

More variations of (3) can be generated from (4) by tuning
the loss functions L,R appropriately. For example, robust B-
Maps against outliers in sampling can be designed by letting
the `1-norm take the place of the quadratic one in (5a) and (8a).
Task (4) for general (non)smooth convex L and R can be
handled efficiently by [55]. Such designs are deferred to future
publications.

D. Properties of the proposed B-Maps
Several properties of the proposed mappings (3) are now in

order. First, it is demonstrated that the proposed B-Maps (3)
are continuous.
Theorem 2. (Lipschitz continuity) Mappings (3) are Lips-
chitz continuous: ∀Q1, Q2 ∈ H,

‖Tµ(Q1)− Tµ(Q2)‖H ≤ β‖Q1 −Q2‖H , (18a)
‖T (Q1)− T (Q2)‖H ≤ β‖Q1 −Q2‖H , (18b)

where

β := α
(
‖KΨ‖2 supµ′∈M‖Kav

µ′‖2
)1/2

, (19)
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and ‖·‖2 stands for the spectral norm of a matrix. Hence, if
β = 1, mappings (3) are nonexpansive [31], whereas, if β < 1,
they are contractions [56] in (H, 〈· | ·〉H).

Proof: See Appendix B.
To state Theorem 4, a probability space (Ω,F ,P) is nec-

essary, with sample space Ω, σ-algebra F of events, and
probability measure P [30]. A statement (. . .) will be said
to hold true almost surely (a.s.), if (. . .) holds true on an
event E ∈ F with P(E) = 1. Moreover, by a slight abuse
of terminology, a bounded linear and self-adjoint mapping
A : H → H will be called positive definite, if its minimum
spectral value σmin(A) > 0, where σmin(·) is defined by (47a).
Assumptions 3.
(i) RKHS H is separable, for a stationary policy µ(·) ∈ M

operators Σzz,Σ
µ
s′z,Σ

µ
s′|z , defined by (46), are bounded

linear, Σzz of (46a) is positive definite, and Σ
−3/2
zz Σµ

s′z

of (46c) is Hilbert-Schmidt (cf. Theorem 12 in the sup-
plementary file).

(ii) Let s, a, s′ be random variables (RVs) on the probabil-
ity space (Ω,F ,P), and assume that trajectory points
{(si, ai, s′i)}Ni=1 are also RVs, but independent and iden-
tically distributed (IID) copies of (s, a, s′).

(iii) Motivated by Proposition 1(iii) and [32, (7)], let Nav =
N , set sav

i := s′i, ∀i ∈ {1, . . . , N}, and let (3) take the
following special form: ∀Q ∈ H,

Tµ(Q)

= g + α 1
NΦTN

( 1
NKTN

+ σ′
NIN )−1Φavᵀ

µ Q (20a)
= g + α( 1

NΦTN
Φᵀ

TN
+ σ′

N Id)−1 1√
N
ΦTN

· 1√
N
Φavᵀ

µ Q , (20b)

T (Q)

= g + α 1
NΦTN

( 1
NKTN

+ σ′
NIN )−1 infµ∈M Φavᵀ

µ Q
(20c)

= g + α( 1
NΦTN

Φᵀ
TN

+ σ′
N Id)−1 1√

N
ΦTN

· infµ∈M
1√
N
Φavᵀ

µ Q , (20d)

where σ′
N ∈ R++ is a regularization coefficient, de-

pendent on N , Id is the identity operator in H, and
ΦTN

(Φᵀ
TN

ΦTN
/N + σ′

NIN )−1 = (ΦTN
Φᵀ

TN
/N +

σ′
N Id)−1ΦTN

was used in (20).
(iv) limN→∞ σ′

N = 0 and limN→∞Nσ′ 3
N = +∞; e.g., σ′

N =
N−τ , with τ ∈ (0, 1/3).

(v) The inf operators in (2b) and (20c) are achievable.
(vi) There exists β∞ ∈ (0, 1) s.t. β = β(N) in (19) satisfies

β(N) ≤ β∞, ∀N , a.s.
Assumptions 3(i) and 3(ii) follow [32], whose arguments are

used to construct B-Maps in [33]; see the discussion regarding
Proposition 1(iii). Assumption 3(ii) expresses the need for a
sufficiently large number of IID samples of the triplet (s, a, s′)
for the sampling average to approximate arbitrarily well the
conditional expectation operator in (2) via the law of large
numbers. Recall from Section II-A that this study does not
necessitate si+1 = s′i in TN = {(si, ai, s′i)}Ni=1, to allow
for looser assumptions than the Markovian one in stochastic
analyses, as Assumption 3(ii) demonstrates. Assumption 3(v)

holds true trivially in the case where the actions space A is
of finite cardinality.

Careful design of Ψ and Φav
µ is needed for Assump-

tion 3(vi) to hold true; especially if β(N) is desired to
have values close to 1 for all sufficiently large N . A
detailed discussion on how to design such Ψ and Φav

µ ,
with theoretical guarantees and numerical tests for valida-
tion, is deferred to a future work. Nevertheless, few re-
marks are necessary here to sketch the guiding theoretical
arguments of such a construction. In the light of (20b)
and (20d), upon defining the operator Ψ := (ΦTN

Φᵀ
TN
/N +

σ′
N Id)−1(ΦTN

/
√
N) : RN → H, and redefining Φav

µ as
Φav

µ /
√
N to include the scaling factor 1/

√
N , notice that

‖KΨ‖2 = ‖ΨᵀΨ‖2 = ‖Ψ‖2 and ‖Kav
µ ‖2 = ‖Φav

µΦ
avᵀ
µ /N‖ =

‖
∑N

i=1 ϕ(s
av
i , µ(s

av
i ))ϕ

ᵀ(sav
i , µ(s

av
i ))/N‖ [56, Thm. 3.9-4(e)].

Motivated now by the celebrated Tikhonov regularization and
the result that for a matrix A, limσ′→0(AAᵀ + σ′I)−1A =
Aᵀ† [57], [58, §3.3], it is conceivable that Ψ converges in
some probabilistic sense to an operator Φᵀ†

T∞
as N → ∞,

where † denotes the pseudoinverse, provided that the sampling
average ΦTN

Φᵀ
TN
/N converges at a much faster rate than

σ′
N → 0; cf. Assumption 3(iv). It is valid then to anticipate

that ‖KΨ‖2 converges to ‖Φ†
T∞

‖2 as N → ∞. Moreover, it is
conceivable that the sampling average Φav

µΦ
avᵀ
µ /N converges

in some probabilistic sense to an operator Cav
µ , so that ‖Kav

µ ‖2
converges to ‖Cav

µ ‖ as N → ∞. To summarize, β(N) can
be assumed to converge to α‖Φ†

T∞
‖ supµ∈M‖Cav

µ ‖1/2 as
N → ∞. If the column vectors of Ψ and Φav

µ are carefully
constructed, for example, to be nearly orthonormal in an
infinite dimensional RKHS, e.g., Gaussian kernel, for some
µ and for all sufficiently large N , then it is valid to anticipate
that ‖Φ†

T∞
‖ supµ∈M‖Cav

µ ‖1/2 takes values close to 1.
The following Theorem 4 establishes the asymptotic con-

sistency of the fixed points of the B-Maps introduced in
Proposition 1(iii) with those of the classical B-Maps (2), as
the number of samples goes to infinity. The discussion is
motivated by [32], where conditional expectations are approx-
imated by inner products; see also the related discussion after
Proposition 1.
Theorem 4. (Consistency of fixed points) Under Assump-
tions 3, T �

µ , T
� in (2) and Tµ, T in (20) are contractions in

the Hilbert space H, and thus possess unique fixed points
Q�

µ, Q
�
∗, Qµ, Q∗, respectively, a.s. Notice that Qµ, Q∗ depend

on N , i.e., Qµ = Qµ(N) and Q∗ = Q∗(N). Furthermore,

P-limN→∞‖Q�
µ −Qµ(N)‖H = 0 , (21a)

P-limN→∞‖Q�
∗ −Q∗(N)‖H = 0 , (21b)

where P-lim stands for convergence in probability [30].
Proof: See Appendix C.

III. Application to Robust Adaptive Filtering
The following discussion applies the novel B-Maps of

Section II to the setting of Section I-A. To abide by the
online or time-adaptive premise of Section I-A, the arguments
of Section II will be equipped hereafter with a discrete time
index n ∈ N. It is important to note that n serves also as the
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Algorithm 1 Approximate policy iteration for LMP
1: Arbitrarily initialize θ0, Q0, and s−1.
2: while n ∈ N do
3: Data (xn, yn) become available to the user/agent.
4: New state sn is defined by (23).
5: Policy improvement: Let an := µn(sn) by (24).
6: Compute θn+1 by (22), with pn := an.
7: Policy evaluation: Compute Qn+1 by (33) and (34).
8: Increase n by one, and go to Section III.
9: end while

iteration index of the proposed RL-based Algorithm 1. Index
n appears in the following discussion in various forms, such as
a sub-/super-script, or as [n]. For example, N of Section II-C
becomes N [n] from now and on to highlight the fact that N
depends on n.

For convenience, navigation directions to key RL quantities
are provided here. The state vector is defined by (23), action
is defined as any point from a finite grid of the interval [1, 2],
while the one-step loss is introduced in (29). Although (3)
and Proposition 1 introduce considerable freedom in designing
B-Maps, this manuscript focuses on the setting of Proposi-
tion 1(iii) to avoid lengthy discussions. The online version
T

(n)
µn of the mapping in Proposition 1(iii) is presented in (26).

Variants as well as alternatives of the proposed B-Map are
deferred to future publications.

Algorithm 1 offers an RL way to robustify LMP (1) by
letting the data themselves select the “optimal” pn per time
n (cf. Section III of Algorithm 1), without any assumptions
and prior knowledge on the statistics of the outliers. More
specifically, instead of (1),

θn+1 := θn+1(an) := θn + ρpn sgn(en) |en|pn−1 xn , (22)

where en is defined after (1). It is clear by (22) and Section III
of Algorithm 1 that θn+1 depends on the action an = pn.
To highlight this observation, θn+1(an) is used together with
θn+1 in (22), as well as in the following discussion.

Algorithm 1 belongs to the class of policy-iteration (PI)
algorithms of RL [18]. More precisely, it is an approximate
(A)PI algorithm, because the expectation operators in (2) are
approximated by sample averaging in Proposition 1(iii). Typi-
cally, (A)PI comprises two major steps: policy improvement in
Section III and policy evaluation in Section III. The following
discussion details Algorithm 1.

A. State-action space and policy improvement
This subsection refers to Section III of Algorithm 1. Action

space A is defined as any finite grid of the interval [1, 2],
and it is the domain pn in (22) takes values from. The more
general case of a continuous action space is currently under
study and deferred to a future publication. The state space is
the continuous S := R4, with the dimension of S rendered
independent of the filter length L. The state-action space is
denoted by Z := S× A := {z := (s, a) | s ∈ S, a ∈ A}.

To help the agent take a meaningful decision/action an at
state sn, and transition to the new state s′n =: sn+1, sufficiently

useful information should be packed into the low-dimensional
sn ∈ R4. To define an adequate sn, available to the user at time
n are considered to be data D(n−Mav):n := ((xν , yν))

n
ν=n−Mav

,
for some buffer length Mav ∈ R++, as well as estimates
(θn,θn−1). Therefore, after taking action an−1 at state sn−1,
state sn is defined inductively as:

sn := s′n−1 = [s
′(1)
n−1, s

′(2)
n−1, s

′(3)
n−1, s

′(4)
n−1]

ᵀ , (23a)

s
′(1)
n−1 := log |en|2 , (23b)

s
′(2)
n−1 := 1

Mav

Mav∑
m=1

log
|yn−m − θᵀ

n(an−1)xn−m|2

‖xn−m‖22
, (23c)

s
′(3)
n−1 := log ‖xn‖2 , (23d)

s
′(4)
n−1 := $s

(4)
n−1 + (1−$) log( 1ρ‖θn(an−1)− θn−1‖2)

= $s
(4)
n−1 + (1−$)(pn−1 − 1) log|en−1|

+ (1−$) log ‖xn−1‖2
+ (1−$) log pn−1 , (23e)

with $ ∈ (0, 1) being a user-defined parameter, while ρ comes
from (22). The classical a-priori error in AdaFilt [1, (10.11)] is
used in (23b), an Mav-length sliding-window sampling average
of the a-posteriori error [1, (10.12)] is provided in (23c),
normalized by the norm of the input signal to remove as
much as possible its effect on the error, the instantaneous norm
of the input signal in (23d), and a smoothing auto-regressive
process in (23e) to monitor the consecutive displacement of
the estimates (θn)n∈N. The reason for including ρ in (23e) is
to remove ρ’s effect from s

(n)
4 . The log(·) function is employed

in (23) to decrease the dynamic range of the positive values
in (23). Any logarithmic function can be used in (23); the
10-base one is used in Section V.

Although the (2L + 1)-dimensional vector (xn,yn,θn)
would be a more natural choice for a state vector than the
heuristic (23), because it would induce a proper Markov
decision process (MDP) and would fall under the umbrella
of typical RL designs [18], extensive numerical tests along
the lines of Section V have shown that Algorithm 1 with the
state vector (xn,yn,θn) yields slow convergence speed due
to the large dimensionality of the state space, especially in
cases where the length L of the unknown system θ∗ is large
(“curse of dimensionality”). Notice also that the state space
in [17] is similarly defined to be R2L+1. Motivated by this
observation, the choice of the state vector in (23) reflects the
effort to reduce the dimensionality of the state space. Similar
approaches, which do not adhere to typical MDP settings but
tailor state-action spaces to fit the application at hand and meet
design requirements, are not seldom in the literature of RL,
e.g., [59]. Other ways than (23) to reduce the dimensionality
of the state space are currently under consideration.

With the estimate Qn available to the user/agent, policy
improvement in Section III is achieved by the standard greedy
rule [18]

µn(s) := argmina∈AQn(s, a) , ∀s ∈ S . (24)

More specifically, the next action an for the agent is identified
by plugging sn in the place of s in (24). Now that an :=
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µn(sn) is available, recursion (22) is applied with pn := an
to Section III of Algorithm 1 to obtain the new estimate θn+1.

B. Defining the one-step loss, T (n)
µn , and loss L(n)

µn [·]
This subsection defines the online version T

(n)
µn of the B-

Map discussed in Proposition 1(iii). State-action pair zn =
(sn, an) and stationary policy µn are now available to the
user/agent by the discussion in Section III-A, and therefore,
trajectory samples T (n)

N [n]
:= {(si[n], ai[n], s′i[n])}

N [n]
i=1 can be

now defined according to Section III-C.
Let Nav[n] := N [n], sav

i [n] := s′i[n], ∀i ∈ {1, . . . , N [n]},
and for some σ ∈ R+,

Ψ[n] := [ψ1[n], . . . , ψN [n][n]]

:= ΦT (n)

N[n]

(KT (n)

N[n]

+ σIN [n])
−1 , (25)

ΦT (n)

N[n]

:= [ϕ(s1[n], a1[n]), . . . , ϕ(sN [n][n], aN [n][n])] ,

KT (n)

N[n]

:= Φᵀ

T (n)

N[n]

ΦT (n)

N[n]

,

Φav
µn

[n] := [ϕ(s′1[n], µn(s
′
1[n])),

. . . , ϕ(s′N [n][n], µn(s
′
N [n][n]))] ,

where {µn(s
′
i[n])}

N [n]
i=1 are computed by (24). As such, (3a)

takes the following form:

T (n)
µn

(Q) := g + αΨ[n]Φavᵀ
µn

[n]Q , ∀Q ∈ H . (26)

Computing T (n)
µn (Q) for a given Q ∈ H amounts to identifying

(T
(n)
µn (Q))(s, a) for all z = (s, a) ∈ S× A, which is a com-

putationally infeasible task given that S is the continuous R4.
To surmount this obstacle, this study uses the point evaluation
of T (n)

µn (Q) at a single state-action vector zν∗ = (sν∗ , aν∗),
chosen by the user from the history of state-action pairs
{zν = (sν , aν)}n−1

ν=0 , that is, ν∗ ∈ {0, . . . , n − 1}, to define
the following superset of FixT (n)

µn :

H(n)
µn

[zν∗ ]

:= {Q ∈ H | (T (n)
µn

(Q)−Q)(zν∗) = 0}
= {Q ∈ H | 〈T (n)

µn
(Q)−Q | ϕ(zν∗)〉H = 0} (27a)

= {Q ∈ H | 〈Q | h(n)µn
[zν∗ ]〉H = g(zν∗)} , (27b)

where (27a) follows by the reproducing property, and (27b) by
incorporating (26) with

h(n)µn
[zν∗ ]

:= ϕ(zν∗)− α
∑N [n]

i=1
(ψi[n])(zν∗)ϕ(s

′
i[n], µn(s

′
i[n])) (28)

in (27a). Notice that H(n)
µn [zν∗ ] is a hyperplane of H, with

h
(n)
µn [zν∗ ] being its normal vector, ϕ(zν∗) = κ(zν∗ , ·), and

(ψi[n])(zν∗) stands for the value of ψi[n] at zν∗ . Hyperplane
H

(n)
µn [zν∗ ] is well defined and non-empty even if FixT (n)

µn = ∅.
Recall here that the Banach-Picard fixed-point theorem [56]
guarantees that FixT (n)

µn is non-empty and a singleton in the
case where T (n)

µn is a contraction.
It is worth stressing here that exact knowledge of the one-

step loss g, as in g(z) for all z ∈ S × A, is no longer
necessary since the definition of H(n)

µn [zν∗ ] requires only a

point evaluation at zν∗ , which, for the present setting, is set
to be

g(zν∗) = g(sν∗ , aν∗) := s′(2)ν∗
= s

(2)
ν∗+1 , (29)

where the rightmost equality in (29) follows by (23). This loss
is inspired by the classical a-priori error in AdaFilt [1, (10.11)],
with the log used to reduce as much as possible the dynamic
range of the negative effect of the outliers on yn.

Define also the quadratic loss L(n)
µn [zν∗ ](·) : H → R+ as

L(n)
µn

[zν∗ ](Q) := 1
2 〈T

(n)
µn

(Q)−Q | ϕ(zν∗)〉2H

= 1
2

[
〈Q | h(n)µn

[zν∗ ]〉H − g(zν∗)
]2
. (30)

It can be verified by (27) that
H(n)

µn
[zν∗ ] = argminQ∈H L(n)

µn
[zν∗ ](Q) .

C. Trajectory samples and policy evaluation
This subsection details the way the trajectory samples

T (n)
N [n]

:= {(si[n], ai[n], s′i[n])}
N [n]
i=1 are constructed. Instru-

mental to the construction is the buffer Bn := {bj :=

(s̄j , āj , g(s̄j , āj), s̄
′
j)}

|Bn|
j=1 , where (s̄j , s̄

′
j) ∈ S2, āj ∈ A, and

where s̄′j is determined by (s̄j , āj). The way to update Bn is
provided first, while the design of trajectory samples follows
next by utilizing the strategy of experience replay [27].

1) Updating Bn−1 to Bn: At time n, buffer Bn−1 and
tuple (sn−1, an−1, g(sn−1, an−1), sn) are available to the user.
Given a user-defined distance function distS(·, ·) : S×S →
R+, for example, distS(·, ·) := 1 − κG(·, ·), where κG(·, ·) is
a Gaussian kernel, and a threshold δS ∈ R++, consider the
following criterion:
distS(sn−1, s̄j) > δS ,

∀bj = (s̄j , āj , g(s̄j , āj), s̄
′
j) ∈ Bn−1 . (31)

If (31) is satisfied, sn−1 is considered to be “different”
enough from all states s̄j which appear in the tuples bj of
Bn−1, and to carry “sufficiently novel” information to be
included in Bn. Consequently, generate all tuples Cn−1 :=
{(sn−1, a, g(sn−1, a), s

′
n−1(sn−1, a,D(n−Mav):n,θn,θn−1) |

a ∈ A}, where s′n−1(sn−1, a,D(n−Mav):n,θn,θn−1) is
obtained by replacing an−1 with a in (23). Define then
Bn := Bn−1 ∪ {(sn−1, an−1, g(sn−1, an−1), sn)} ∪ Cn−1 .

On the other hand, if (31) is not satisfied, then Bn := Bn−1.
2) Experience replay: Now that buffer Bn has been

updated and given a user-defined distance function
distZ(·, ·) : Z×Z → R+, for example, distZ(·, ·) := 1−κG(·, ·),
where κG(·, ·) is a Gaussian kernel, and a threshold δZ ∈ R++,
define

Tz := {bj = (s̄j , āj , g(s̄j , āj), s̄
′
j) ∈ Bn

| distZ(z, (s̄j , āj)) ≤ δZ} , ∀z ∈ Z . (32)
In other words, Tz includes all tuples bj of Bn whose state-
action pairs (s̄j , āj) are “sufficiently similar” with z. Identify
then Tzn−1 by (32), and define the trajectory samples

T (n)
N [n] = {(si[n], ai[n], s′i[n])}

N [n]
i=1

:= {(s̄j , āj , s̄′j) | bj = (s̄j , āj , g(s̄j , āj), s̄
′
j) ∈ Tzn−1}

∪ {(sn−1, an−1, s
′
n−1)} ,
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where s′n−1 is defined by (23). Consider also T
(n)
µn and loss

L(n)
µn [zn−1](·) as in (26) and (30), respectively, and apply the

SGD rule, with a learning rate η ∈ R++, to form the update:

Qn+1/2 := Qn − η∇L(n)
µn

[zn−1](Qn)

= Qn − η
[
〈Qn | h(n)µn

[zn−1]〉H

− g(zn−1)
]
· h(n)µn

[zn−1] , (33)

where g(zn−1) is computed by (29), with zn−1 taking the
place of zν∗ .

It is worth mentioning here that in the case where the set
T (n)
N [n] of trajectory samples is a singleton, more specifically,

T (n)
N [n] = {(sn−1, an−1, s

′
n−1)}, and whenever σ = 0 in (25),

then (33) corresponds to [38].
To exploit also state-action pairs other than zn−1, the

strategy of experience replay is adopted to choose a bj∗ ∈
Bn \ {(s̄j , āj , g(s̄j , āj), s̄′j) ∈ Bn | (s̄j , āj) = zn−1} via
a probability distribution, whose details are skipped here
but can be found in [27]. Having identified such a bj∗ =
(s̄j∗ , āj∗ , g(s̄j∗ , āj∗), s̄

′
j∗
), let z̄j∗ := (s̄j∗ , āj∗) and define Tz̄j∗

via (32). Next, let the trajectory samples

T (n+1/2)
N [n+1/2]

= {(si[n+ 1/2], ai[n+ 1/2], s′i[n+ 1/2])}N [n+1/2]
i=1

:= {(s̄j , āj , s̄′j) | bj = (s̄j , āj , g(s̄j , āj), s̄
′
j) ∈ Tz̄j∗

} .

Define also T
(n+1/2)
µn and loss L(n+1/2)

µn [z̄j∗ ](·) as in (26)
and (30), respectively, and apply again the SGD rule to obtain
the Q-function estimate of Section III in Algorithm 1:

Qn+1 := Qn+1/2 − η∇L(n+1/2)
µn

[z̄j∗ ](Qn+1/2)

= Qn+1/2 − η
[
〈Qn+1/2 | h(n+1/2)

µn
[z̄j∗ ]〉H

− g(z̄j∗)
]
· h(n+1/2)

µn
[z̄j∗ ] . (34)

D. Dimensionality reduction by random Fourier features
At every time instance n, Algorithm 1 adds new features into

the representation of Qn+1 via (28), (33), and (34), justifying
the “nonparametric” characterization of the proposed design.
These new features contribute information in Qn+1 along
novel dimensions of H which may have not been explored
prior to time n. Novel dimensions are welcome since they lead
into a “rich” kernel-based representation of the Q-function.
However, due to the potentially infinite dimensionality of
H, the length of the Q-function representation may grow
unbounded as new dimensions/features are added up, raising
in turn hardware/computational obstacles due to the need
for large storage space and large number of computations
to process the long Q-function representations (“curse of
dimensionality”). The desire for low hardware/computational
footprints calls for dimensionality reduction, which is achieved
here by employing random Fourier features (RFF) [60] as
follows.

According to Bochner’s theorem, there exist pairs (κ,v),
where κ is a real-valued reproducing kernel and v an RV,
s.t. κ(z, z′) = Ev{cos[vᵀ(z− z′)]}, ∀z, z′ ∈ RD [60]. An

example of such a pair is (κG,vG), where κG is the Gaussian
kernel and vG follows the Gaussian distribution N (0, ID). It
can be verified that Ev,u{cos[vᵀ(z+ z′)+ 2u]} = 0, where u
is an RV uniformly distributed over [0, 2π) and independent
of v. Hence, Bochner’s theorem yields:

κ(z, z′) = Ev{cos[vᵀ(z− z′)]}
= Ev,u{cos[(vᵀz+ u)− (vᵀz′ + u)]

+ cos[(vᵀz+ u) + (vᵀz′ + u)]}
= 2Ev,u{cos(vᵀz+ u) · cos(vᵀz′ + u)}

≈ 2 1
DRFF

∑DRFF

i=1
cos(vᵀ

i z+ ui) · cos(vᵀ
i z

′ + ui)

= ϕᵀ
RFF(z)ϕRFF(z

′) , (35)

where ≈ in (35) holds true by the law of large numbers [61]
for a large user-defined number DRFF of IID copies {vi}DRFF

i=1

and {ui}DRFF
i=1 of v and u, respectively, and ϕRFF is the feature

mapping defined as

ϕRFF : RD → RDRFF

: z 7→
√

2
DRFF

[cos(vᵀ
1z+ u1), . . . , cos(v

ᵀ
DRFF

z+ uDRFF)]
ᵀ .

(36)

Mapping (36) serves as a low dimensional rendition of the
feature mapping ϕ : RD → H introduced in Section II-A,
since DRFF can be made smaller than the typically large and
potentially infinite dimH.

Samples {vi}DRFF
i=1 , {ui}

DRFF
i=1 are taken in advance from

the Gaussian and uniform PDFs, respectively, and are used
via (35) and (36) to bound the computational complexity of
Algorithm 1. The results of Section V are based on these
approximations. The approximation accuracy of RFF depends
on DRFF: the larger the DRFF, the better the approximation
in (35). An analysis on DRFF and its connections with the
performance of Algorithm 1, as well as with the choice of the
approximating RKHS, is deferred to a future study.

E. Computational complexity

First, the complexity to compute s
′(2)
n−1 in (23c) is of

order O(LMav), because s
′(2)
n−1 averages over Mav num-

ber of samples, and for each sample (xn−m, yn−m), it
takes O(L) to compute |yn−m − θᵀ

n(an−1)xn−m|. Sec-
ond, it takes O(dim(S)) and O(dim(S) + 1) to compute
distS(sn−1, s̄j) and distZ(z, (s̄j , āj)) to verify the criteria
in (31) and (32), respectively. Since all elements of the buffers
need to be examined, the previous complexities become in
total O(|Bn−1|dim(S)) and O(|Bn|(dim(S) + 1)). Third,
to compute Ψ[n] in (25), O(N3[n]) operations are needed for
the computation of the N [n]×N [n] inverse matrix. Moreover,
with regards to (24), the computation of Qn(s

′
i[n], a) costs

O(DRFF), and because this operation is performed over A,
and thus it is run for |A| times, a total number of O(DRFF|A|)
operations is required to compute µn(s

′
i[n]) in (25). Hence,

it takes O(N3[n] + N [n]DRFF|A|) operations to compute
h
(n)
µn [zν∗ ] in (28).
To summarize, if C0 := O(LMav + |Bn−1|dim(S)), then

the total number of operations for the proposed method is
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Cprop = C0 +O(|Bn|(dim(S) + 1) +N3[n] +N [n]DRFF|A|),
whereas the RFF variation of [41] scores a complexity CTD(0) =
C0+O(DRFF|A|), and [26] demonstrates complexity CKLSPI =
C0 + O(N2

dic + (dim(S) + 1)Ndic|A|), with Ndic being the
size of a dictionary whose construction is inherent in [26].
Typical values of N [n] for the proposed method are shown in
the caption of Figure 4.

IV. Performance Analysis of Algorithm 1
In the following discussion, a statement (. . . (n)), which

depends on the iteration index n ∈ N, will be said to hold true
“for all sufficiently large n,” if there exists a large n0 ∈ N∗
s.t. (. . . (n)) holds true ∀n ≥ n0. Moreover, within the context
of a probability space (Ω,F ,P) (see the discussion before
Assumptions 3), a statement (. . .) will be said to hold true
with high probability (w.h.p.), if (. . .) holds true on an event
E ∈ F with P(E) ≥ 1− ε, for a sufficiently small ε ∈ R++.

Central to the following discussion are the sequence of
estimates (Qn)n∈N generated by Algorithm 1, the classical
B-Maps T �, T �

µn
in (2), as well as the newly proposed T

(n)
µn

one in (3) for a stationary policy µn(·) : S → A. Recall
also that Q�

∗ stands for a fixed point of mapping T �, i.e.,
Q�

∗ ∈ Fix(T �) ⇔ Q�
∗ = T �(Q�

∗), that Q�
µn

∈ Fix(T �
µn

) and
Qµn ∈ Fix(T

(n)
µn ).

Theorem 4 asserts that for an arbitrarily fixed ε ∈ R++ and
for any n, ‖Q�

µn
−Qµn

(N [n])‖H ≤ ε holds true w.h.p. for all
sufficiently large N [n]. By this result, it is expected that for
sufficiently large N [n], the size of the event

E
(ε)
n,N [n]

:=
{
ω ∈ Ω

∣∣ ‖Q�
µn

−Qµn
(N [n])‖H ≤ ε

}
. (37)

can be considered to be large. This observation serves as the
motivation behind the following Assumption 5(i).
Assumptions 5.
(i) Consider an ε ∈ R++ s.t.

E(ε) := lim inf
n→∞

lim inf
N [n]→∞

E
(ε)
n,N [n] 6= ∅ , (38)

where for events (Eν)ν∈N, the event lim infν→∞ Eν :=
∪ν ∩ν′≥ν Eν′ bears the meaning of “Eν eventually” [30,
Def. 2.8].

(ii) Presume Assumptions 3.
(iii) In the current online setting, Assumption 3(vi) takes the

following form. There exists β∞ ∈ (0, 1) s.t. βn =
βn(N [n]) ≤ β∞, for all sufficiently large n and N [n],
a.s., where βn is defined according to (19) as

βn := α
(
‖KΨn‖2 supµ′∈M‖Kav,n

µ′ ‖2
)1/2

. (39)

(iv) There exists ∆0 ∈ R++ s.t. ‖Qµn
−Qn‖H ≤ ∆0, for all

sufficiently large n, a.s.
(v) There exists ∆1 ∈ R++ s.t. ‖T �

µn+1
(Qn)−T �(Qn)‖H ≤

∆1, for all sufficiently large n, a.s.
(vi) There exists ∆2 ∈ R++ s.t. ‖(T �

µn+1
− Id)(Q�

µn
)‖H ≤

∆2, for all sufficiently large n, a.s.
Assumptions 5(iv) to 5(vi) are motivated by the presup-

positions in [18, (5.11), (5.12)] which are used in the proof
of [18, Prop. 5.1.4] on approximate policy iteration. However,

the discussion in [18, Prop. 5.1.4] is performed in the Banach
space of all essentially bounded functions, and thus the pre-
sumed bounds are manifested pointwisely, whereas the present
discussion is performed in an RKHS, which justifies in turn the
adoption of the Hilbertian norm in Assumptions 5(iv) to 5(vi).

The following theorem bounds the distance of the sequence
of estimates (Qn)n from the fixed point Q�

∗.
Theorem 6. Under Assumptions 5, for every ω ∈ E(ε) of (38),

lim supn→∞‖Qn −Q�
∗‖H ≤ ∆3 ,

where ∆3 := ε+∆0+[2β∞(∆0+ε)+∆1+∆2/(1−β∞)]/(1−
β∞).

Proof: See Appendix D.
If the size of E(ε) is large, which is something anticipated

by the discussion around (37), the assertion of Theorem 6
holds true w.h.p. Instead of the point-wise, sample-point-based
analysis of Theorem 6, the following Theorem 8 provides a
bound on the sequence (Qn)n via the expectation operator
E{·}. To this end, the following assumptions are necessary.
Assumptions 7.
(i) To simplify the proofs, policy evaluation in Section III of

Algorithm 1 is performed without considering experience
replay (34), that is, Qn+1 := Qn − η∇L(n)

µn [zn−1](Qn).
(ii) (Stationary policy) There exists a policy µ : S → A s.t.

µn = µ for all sufficiently large n.
(iii) There exists β∞ ∈ (0, 1) s.t. mapping T �

µn
is a β∞-

contraction for all sufficiently large n, a.s.
(iv) (Independency) The σ-algebra σ({zn, ξn+1}), generated

by the state-action pair zn and ξn+1 (54), is independent
of the filtration Fn for all sufficiently large n, where
Fn := σ({Qν}nν=0) is defined as the σ-algebra generated
by the sequence of estimates {Qν}nν=0 [30].

(v) (Stationary moment) There exists m
(4)
ξ ∈ R++ s.t.

m
(4)
ξ = E{‖ξn‖4H}, for all sufficiently large n, where ξn

is defined by (54).
(vi) (Stationary covariance operators) There exist bounded

linear operators Σzz,Σξz,Σξξ : H → H s.t. Σ
(n)
zz =

Σzz,Σ
(n)
ξz = Σξz , and Σ

(n)
ξξ = Σξξ, for all sufficiently

large n, where Σ
(n)
zz ,Σ

(n)
ξz ,Σ

(n)
ξξ are defined by (55).

(vii) (Positive definite Aµn
,Σzz) For all sufficiently large n,

the linear bounded and self-adjoint mappings Aµn
(57a)

and Σzz are positive definite, i.e., their minimum spectral
values σmin(Aµn) > 0 and σmin(Σzz) > 0, where
σmin(·) is defined by (47a).

(viii) (Bounded kernel) There exists Bκ ∈ R++ s.t. κ(z, z) ≤
Bκ, ∀z ∈ Z.

Assumption 7(iv) is introduced to avoid more complicated
proofs and lengthier discussions. Stationarity in Assump-
tions 7(v) and 7(vi) is often met in the stochastic analysis
of online-learning algorithms, e.g., [2, Examples 2.1 and 3.4].
Assumption 7(vii) is also met frequently in the literature on
covariance matrices, e.g., [1, Chap. 5] and Hessian operators of
strongly convex loss/risk functions, e.g., [2, §2.2]. Moreover,
Assumption 7(viii) holds true for most of the commonly used
kernels, e.g., Bκ = 1 for the Gaussian and Laplacian ones.
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Theorem 8. Under Assumptions 7, for any sufficiently small
step size η, there exist ∆4,∆5 ∈ R++ s.t.

lim supn→∞ E{‖Qn −Q�
∗‖2H}

≤
T1︷︸︸︷
∆4η+

T2︷ ︸︸ ︷
∆5 lim supn→∞ E{‖Σµn

s′|z − Σ̂µn

s′|z(N [n])‖2}
+ 2 lim supn→∞ E{‖Q�

µn
−Q�

∗‖2H}︸ ︷︷ ︸
T3

,

where operator Σµn

s′|z is defined by (46c) and Σ̂µn

s′|z(N [n]) is
defined by

Σ̂µn

s′|z(N [n]) := 1√
N [n]

ΦTN[n]
( 1
N [n]KTN[n]

+ σ′
N [n]IN [n])

−1

· 1√
N [n]

Φavᵀ
µ ;

see also (49), Proposition 1(iii), and Assumption 3(iii).
Proof: See Appendix E.

Three terms T1,T2,T3 contribute to the bound in Theo-
rem 8: T1 which stems from the stochastic-gradient-descent
recursion of Assumption 7(i), T2 because of the error in
approximating the expectation operator by trajectory sampling
(Section III-C), and T3 which quantifies the disagreement
between µn and the “optimal” policy through the lenses of the
classical B-Maps (2). It is worth mentioning here that under
Assumptions 3 and according to Theorem 12 in Appendix C,
‖Σµn

s′|z− Σ̂µn

s′|z(N [n])‖ can be made arbitrarily small w.h.p. for
sufficiently large N [n].

To establish bounds on the distance ‖θn − θ∗‖ between
the estimate θ and the estimandum θ∗ (cf. Section I-A),
standard arguments from the analysis of stochastic gradient
descent (SGD) can be applied, because (22) is nothing but
SGD on the convex p-power loss (p ∈ [1, 2]). For example,
the discussion of [62, §8.2] can be followed by employing also
the minimizer of the p-power loss as an auxiliary quantity to
facilitate the analysis. Because of space limitations, rather than
such a straightforward but tedious performance analysis, this
study prefers to offer Theorem 10 instead, which showcases the
connection between ‖θn−θ∗‖ and the main mathematical ob-
ject of this work, the Q-functions. To this end, Assumptions 9
are needed.
Assumptions 9.
(i) Presume Assumption 7(ii).
(ii) Presume Assumption 7(iii).
(iii) Let α ∈ (0, 1).
(iv) (Bounded errors) There exist ∆6,∆7 ∈ R++ s.t.

∆6 < |yn−m − θᵀ
nxn−m| < ∆7 ,

∀m ∈ {0, . . . ,Mav − 1} and for all sufficiently large n,
a.s.

(v) (Independency) The input-signal xn is independent of
the outlier/noise on for all sufficiently large n. Moreover,
the σ-algebra generated by {xm | m ∈ {n − Mav +
1, . . . , n}} and {om | m ∈ {n − Mav + 1, . . . , n}} is
independent of the σ-algebra generated by θn for all
sufficiently large n.

(vi) (Stationary moment of on) There exists σo ∈ R++ s.t.
E{o2n} = σ2

o and E{on} = 0, for all sufficiently large n.

(vii) (Stationary covariance operator of xn) There exists a
positive definite matrix Σxx ∈ RL×L, with σmin(Σxx) =
λmin(Σxx) > 0 and where λmin(Σxx) stands for the mini-
mum eigenvalue of Σxx, s.t. E{xnx

ᵀ
n} = Σxx, for all suf-

ficiently large n. Moreover, lim infn→∞ E{log ‖xn‖22} >
−∞.

(viii) For the sequence of states (sn)n in Algorithm 1,
lim supn→∞|E{Q�

µ(sn, µ(sn))}| < +∞.
Bounds ∆6,∆7 in Assumption 9(iv) are introduced to

simplify proofs and avoid lengthier discussions on convergence
of RVs w.h.p. Bound ∆6 in Assumption 9(iv) is motivated by
the well-known fact that whenever the distribution function
of the RV yn−m − θᵀ

nxn−m is continuous, then P{|yn−m −
θᵀ
nxn−m| = 0} = 0 [30, §3.10]. Independency between

the input signals and outlier/noise in Assumption 9(v) is a
standard argument in estimation theory, e.g., [1, Chap. 5],
while independency between {xm}, {om} and θn is intro-
duced in Assumption 9(v) to avoid more complicated proofs.
Stationarity in Assumptions 9(vi) and 9(vii) is a classical
hypothesis in the stochastic analysis of online-learning algo-
rithms [2], while boundedness of the sequences E{log ‖xn‖22}
and E{Q�

µ(sn, µ(sn))} in Assumptions 9(vii) and 9(viii) are
weak presuppositions stated here explicitly for mathematical
rigor and to avoid any unclear points in the proof of Theo-
rem 10.
Theorem 10. Under Assumptions 9, there exist ∆8 ∈ R++

and ∆9 ∈ R+ s.t. for all sufficiently large n,

E{‖θ∗ − θn(µ(sn−1))‖22}

≤ 1− α

∆8λmin(Σxx)
E{Q�

µ(sn, µ(sn))}

+
1

∆8λmin(Σxx)
[log trace(Σxx)−∆8σ

2
o −∆9] .

Proof: See Appendix F.
In the light of Theorem 10, (24) makes now sense in the con-

text of AdaFilt, because, choosing a policy by the greedy rule
argminµ(·)∈M E{Q�

µ(sn, µ(sn))} pushes the upper bound of
Theorem 10 to lower levels, and, thus, potentially forces the
estimate θn to approach θ∗.

V. Numerical Tests
This section follows the standard route in AdaFilt and

validates Algorithm 1, as well as several state-of-the-art meth-
ods, on synthetic data [1, 8–16]. Heavy-tailed α-stable and
sparse outliers are considered because they are widely used to
model realistic problems in AdaFilt [5]. Heavy-tailed α-stable
outliers are generated by setting their parameters αstable = 1,
βstable = 0.5, σstable = 1 [6]. “Sparse” outliers appear in 10%
of the data, while Gaussian noise with SNR = 30dB is added
to the rest 90% of the data. Sparse outliers are generated
by the uniform distribution and take values from the interval
[−100, 100].

Algorithm 1 competes against
1) Non-RL-based methods:

(i) LMP (1), for values of p ∈ A := {1, 1.25, 1.5, 1.75, 2}
which are kept fixed throughout all iterations;
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(ii) [12], which uses a combination of adaptive filters with
different forgetting factors but with the same p-power
loss;

(iii) [9], where two LMP recursions (1), with different p,
are combined to tackle outliers;

(iv) the variable-kernel-width and correntropy-based VKW-
MCC [16];

2) RL-based methods:
(v) the kernel-based TD(0) [41], equipped with RFF (Sec-

tion III-D);
(vi) the popular kernel (K)LSPI [26]; and
(vii) the predecessor [17] of this work which is based on

RKHS arguments.
Action space is defined as A := {1, 1.25, 1.5, 1.75, 2} for

all employed RL methods, including Algorithm 1. Computing
argmina∈A in (24) is not an “innocent” task when the range
of p is the continuous interval [1, 2], and not only a finite
grid on the interval. Clearly, the finer the granularity of the
finite grid on [1, 2], and thus the larger the cardinality of A,
the larger the computational complexity required to identify
argmina∈A in (24). Not only Algorithm 1, but all tested
RL methods other than [17] define state vectors by (23) and
are equipped with experience replay (Section III-C2). On the
other hand, [17] defines the state space as S ⊂ R2L+1 and
utilizes no experience replay, but uses rollout instead [18].
Notice also according to the discussion which follows (33) that
Algorithm 1 with only one trajectory sample, i.e., N [n] = 1
per n, corresponds to [38]. Nevertheless, Algorithm 1 is
equipped with RFF (Section III-D) which is not available
in [38].

The performance metric is the normalized deviation of the
estimate θn from the estimandum θ∗; see the vertical axes in
all figures. The classical Gaussian kernel [22] was employed to
define H, approximated by RFF with DRFF = 500 as described
in Section III-D. The dimension of xn,θ∗ is set to L = 100,
where xn and θ∗ are generated by the Gaussian distribution
N (0, IL), with (xn)n∈N designed to be IID. The learning rate
in (22) is ρ = 10−3. Moreover, Mav = 300 and $ = 0.3
in (23), while η = 0.1 in (33) and (34). In (31), δS = 1−0.99.

To study the effect of size N [n], controlled by δZ in (32),
the following sets of parameters were tested: (i) δZ = 1−0.98
in (32), which yields N [n] ≥ 1, and σ = 10−1 in (25); and
(ii) δZ = 0, which forces N [n] = 1, and σ = 0, corresponding
thus to [38]. Typical values of N [n] > 1 for the proposed
method are shown in the caption of Figure 4. Additionally, to
study the effect of the long-term loss, α = 0 was also tested.
Note that α = 0 suggests that Algorithm 1 uses no trajectory
samples.

In Algorithm 1, policy improvement and evaluation are
scheduled to be run at every iteration n. Nevertheless, to
promote stability and allow the policy-iteration step reach
a “steady state” between two consecutive invocations of the
policy-improvement step, a less greedy approach is followed
here and Section III of Algorithm 1 is not run at every
n, but it is invoked periodically, every other Np = 500
iterations, i.e., at iterations {n = Npk | k ∈ N}. Between two
consecutive policy-improvement steps, that is, during iterations

{Npk, . . . , Np(k + 1)− 1}, the policy stays fixed to µNpk(·).
The same strategy is also followed for KLSPI [26].

KLSPI [26] was originally designed to generate trajectory
samples offline by using training data. However, since this
work considers the online setting, where no training data are
available and only test data are considered, and to ensure
fairness among all competing methods, matrix A and vector
b, which appear in [26] and are learned from training data,
are substituted by the following online versions An and bn:
upon defining kn := Φ

(n)ᵀ
KLSPI ϕ(sn, µn(sn)), where Φ

(n)
KLSPI is

a time-varying basis of RKHS vectors, constructed online by
an approximate-linear-dependency criterion [26], let

An := An−1 + kn−1(kn−1 − αkn)
ᵀ ,

bn := bn−1 + g(sn, µn(sn))kn ,

where A1 := k0(k0 − αk1)
ᵀ and b0 := g(s0, µ0(s0))k0.

All curves in the subsequent figures are the uniformly aver-
aged results of 100 independent tests. Moreover, all competing
methods were finely tuned to show their best performance
per setting of the environment. Finely tuned hyper-parameters
include the learning rate for Q-function estimation in RL-based
methods, as well as the learning rate, forgetting factor, etc., in
the AdaFilt methods. Only the most crucial parameters per
method are stated in the captions of Figures 3 and 6, while an
exhaustive description of all the finely tuned parameters per
method is avoided to improve the flow of the manuscript.

A. Scenario 1
Figures 2 to 4 refer to the scenario where the statistics (PDF)

of the outliers stay fixed throughout all iterations. Moreover,
as it is customary in the AdaFilt literature, system θ∗ changes
randomly at a specific time index (here at time #20 000) to
test the tracking ability of all competing methods.

Figures 2 to 4 demonstrate that Algorithm 1 shows high
estimation accuracy while tracking swiftly the estimandum
θ∗. In Figure 2, Algorithm 1 reaches steady state faster than
the “best” versions of LMP (p = 1, 1.25). An inspection of
Figure 2 suggests that Algorithm 1 selects large values of p,
within {1, 1.25, 1.5, 1.75, 2}, in the beginning state of learning
to speed up convergence and then changes to select small
values of p to score high accuracy in the steady state.

Figure 3 shows that Algorithm 1 outperforms the kernel-
based TD(0) [41] and KLSPI [26]. The predecessor [17] scores
an almost identical steady-state performance with Algorithm 1,
but with a slower convergence speed. VKW-MCC [16] shows
excellent performance under sparse outliers. However, under
α-stable outliers, it is outperformed by Algorithm 1.

In Figure 4, where several parameters of Algorithm 1 are
validated, α = 0.75 shows the best estimation accuracy among
α ∈ {0, 0.75, 0.9}. Among them, α = 0 does not perform
well, which strongly suggests that the long-term loss is crucial
in choosing p. The number of samples N [n] does not seem
to affect performance significantly in this specific AdaFilt
application.

B. Scenario 2
Figures 5 to 7 refer to the scenario where the system θ∗

stays fixed but the statistics (PDF) of the outliers change
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Fig. 2. Scenario 1 (Section V-A): Algorithm 1 against LMP. : Algorithm 1
with α = 0.9, N [n] ≥ 1. Marks , , , , correspond to (1) with
p = 1, 1.25, 1.5, 1.75, 2, respectively. Mark denotes an algorithm which
randomly chooses p, ∀n.
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Fig. 3. Scenario 1 (Section V-A): Algorithm 1 against non-RL- and RL-
based methods. : Algorithm 1 with α = 0.9, N [n] ≥ 1. : Algorithm 1
with α = 0.9, N [n] = 1. : Kernel-based TD(0) with α = 0.9 [41]. : [12]
with p = 1, γ1 = 0.9, γ2 = 0.99. : KLSPI with α = 0.9 [26]. : mixed
norm [9]. : the predecessor [17] of the current work. : VKW-MCC [16].

at a specific time instance (here, at iteration #20 000). Both
sparse and α-stable outliers are considered in the follow-
ing two dynamic sub-scenarios: (i) α-stable outliers ap-
pear at n ∈ {1, . . . , 20 000}, followed by sparse ones at
n ∈ {20 001, . . . , 50 000}; and (ii) sparse outliers contaminate
signals whenever n ∈ {1, . . . , 20 000}, while α-stable ones
appear at n ∈ {20 001, . . . , 50 000}.

Figures 2(a) and 5(b) show different steady-state perfor-
mances of Algorithm 1 after iteration #20 000, despite the fact
that the statistics of the α-stable outliers are the same. More
specifically, in Figure 2(a), the steady-state performance level
of Algorithm 1 is almost identical to that of LMP for p = 1.25,
whereas LMP with p = 1.25 scores a lower steady-state level
than Algorithm 1 after iteration #20 000 in Figure 5(b). On
the other hand, Algorithm 1 shows excellent performance in
Figure 5(a) after the sudden transition to sparse outliers. The
previous discussion concludes that Algorithm 1 appears to un-
derperform in cases where there is a sudden change from light-
tailed outliers to the heavy-tailed α-stable ones. In contrast,
notice the excellent performance of Algorithm 1 under α-stable
outliers in Figure 3(a). Moreover, Figure 6(b) demonstrates that
kernel-based TD(0) [41] deteriorates significantly whenever
the outlier PDF suddenly changes to α-stable outliers. The
rest of the RL-based methods exhibit more or less robust
performance against the abrupt change to α-stable outliers in
Figure 6(b).

Finally, notice that under the heavy-tailed α-stable outliers,
versions of Algorithm 1 with α > 0 perform better than
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(b) Sparse outliers

Fig. 4. Scenario 1 (Section V-A): Versions of Algorithm 1 under several
parameter settings. : α = 0.9, N [n] ≥ 1. : α = 0.75, N [n] ≥ 1. :
α = 0. : α = 0.9, N [n] = 1. : α = 0.75, N [n] = 1. In (b) and in the

case, the mean value of the time varying N [n] (± standard deviation) is
6.65 (± 2.53).
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(a) α-stable → sparse
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(b) Sparse → α-stable

Fig. 5. Scenario 2 (Section V-B): Algorithm 1 against LMP. : Algorithm 1
with α = 0.9, N [n] ≥ 1. Marks , , , , correspond to (1) with
p = 1, 1.25, 1.5, 1.75, 2, respectively. Mark denotes an algorithm which
randomly chooses p, ∀n.

version with α = 0 in Figure 4(a), whereas versions α > 0 and
α = 0 perform similarly after iteration #20 000 in Figure 7(b).

VI. Conclusions
This paper designed novel nonparametric Bellman mappings

(B-Maps) in reproducing kernel Hilbert spaces (RKHSs) for
reinforcement learning (RL). The new B-Maps exhibit several
desirable features (see Section I-B), with ample degrees of
freedom. To benefit from that freedom, a variational frame-
work (Proposition 1) was provided to identify the free param-
eters of the B-Maps. As a side effect, it was demonstrated
that several state-of-the-art designs become special cases of
the proposed B-Maps. Other non-trivial designs of B-Maps
are deferred to a future work. On the application front,
the manuscript considered the problem of selecting online,
per time instance, the “optimal” coefficient p in the least-
mean-p-power method, with no prior information on the outlier
statistics and no training data. The application of the proposed
B-Maps to automatically choose “optimal” hyperparameters
of correntropy-based adaptive-filtering (AdaFilt) algorithms
is also currently under consideration. The proposed B-Maps
are general enough to be applied also to domains other
than AdaFilt. Such application domains, together with their
RL designs, are currently under consideration and will be
presented soon at other publication venues.
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Appendix A
Proof of Proposition 1

First, recall that the orthogonal projection mapping PΦTN

onto the linear span of {ϕ(zi)}Ni=1 is provided by PΦTN
=

ΦTN
K†

TN
Φᵀ

TN
. Moreover, let PΦ⊥

TN

denote the orthogonal
projection mapping onto the orthogonal complement of the
linear span of {ϕ(zi)}Ni=1. The Pythagoras theorem states that
Id = PΦTN
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TN

, where Id is the identity operator in H.
Define c := γ + αΥΦavᵀ

µ?
Q for convenience, and observe
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A change of variables and the Pythagoras theorem suggest
that

TLSPE,µ(Q)

= arg min
Q′∈H

‖Φᵀ
TN
Q′ − g − αΦ′ᵀ

µ Q‖2RN

+ σ‖Q′ −Q‖2H
= arg min

Q′∈H
‖Φᵀ

TN
(Q′ − PΦ⊥

TN

Q)− g − αΦ′ᵀ
µ Q‖2RN

+ σ‖Q′ −Q‖2H
= arg min

Q′′∈H
‖Φᵀ

TN
Q′′ − g − αΦ′ᵀ

µ Q‖2RN

+ σ‖Q′′ + PΦ⊥
TN

Q−Q‖2H + PΦ⊥
TN

Q

= arg min
Q′′∈H

‖Φᵀ
TN
Q′′ − g − αΦ′ᵀ

µ Q‖2RN

+ σ‖Q′′ − PΦTN
Q‖2H + PΦ⊥

TN

Q (41a)

= ΦTN
(KTN

+ σIN )−1g

+ σΦTN
(KTN

+ σIN )−1K†
TN

Φᵀ
TN
Q

+ αΦTN
(KTN

+ σIN )−1Φ′ᵀ
µ Q

+ PΦ⊥
TN

Q , (41b)

where ΦTN
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was
used in the last equality. Because of the assumption on Q,
PΦ⊥

TN

Q = 0.
Notice again by the Pythagoras theorem and P 2
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which clearly suggests that the minimizer in (41a) lies in the
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c− g − αΦ′ᵀ
µ Q‖2RN

+ σ (c−K†
TN

Φᵀ
TN
Q)ᵀKTN

(c−K†
TN

Φᵀ
TN
Q)︸ ︷︷ ︸

R(γ,Υ)

3 c?

:= (KTN
+ σIN )−1

(
g + σK†

TN
Φᵀ

TN
Q+ αΦ′ᵀ

µ Q
)

= (KTN
+ σIN )−1g

+ (KTN
+ σIN )−1[σK†

TN
, αIN ]

[
Φᵀ

TN
Q

Φ′ᵀ
µ Q

]
= (KTN

+ σIN )−1g

+ α(KTN
+ σIN )−1[(σ/α)K†

TN
, IN ]Φavᵀ

µ?
Q

= γ? + αΥ?Φ
avᵀ
µ?
Q ,

and where γ? := (KTN
+ σIN )−1g and Υ? := (KTN

+
σIN )−1[(σ/α)K†

TN
, IN ].

Under the light of (40), the previous findings are sum-
marized as follows: (γ?,Υ?) satisfies (4) iff c? = γ? +
αΥ?Φ

avᵀ
µ?
Q is one of the minimizers in (42) iff TLSPE,µ(Q) =

ΦTN
c? = Tµ?(Q). These equivalences establish the claim

of Proposition 1(i). As an additional remark, notice that
TLSPE,µ(Q) = Q in (41b) yields (14).

The proofs of Propositions 1(ii) and 1(iii) follow similar
steps with the proof of Proposition 1(i) and are thus skipped.

Appendix B
Proof of Theorem 2

First, the following lemma and its proof are in order.
Lemma 11. For any Q1, Q2 ∈ H, s ∈ S, there exists δ 6= 0
s.t. for any ε ∈ (0,

√
|δ|) an a′ ∈ A can be always selected s.t.[

infa∈AQ1(s, a)− infa∈AQ2(s, a)
]2

≤ [Q1(s, a
′)−Q2(s, a

′)]
2
+ ε . (43)

Proof: Define δ := infa∈AQ1(s, a) − infa∈AQ2(s, a).
Whenever δ = 0, (43) holds true trivially. Consider now the
case where δ > 0, take any ε ∈ (0,

√
δ), and define ε′ :=

δ −
√
δ2 − ε > 0 so that ε = 2ε′δ − ε′2 and δ − ε′ > 0. Then,

∃a′ ∈ A s.t. Q2(s, a
′) ≤ infa∈AQ2(s, a) + ε′. This result

together with infa∈AQ1(s, a) ≤ Q1(s, a
′) suggest:

Q1(s, a
′)−Q2(s, a

′) ≥ inf
a∈A

Q1(s, a)− inf
a∈A

Q2(s, a)− ε′ ,
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where the right-hand side is positive, and

[Q1(s, a
′)−Q2(s, a

′)]
2

≥ [infa∈AQ1(s, a)− infa∈AQ2(s, a)]
2 − 2ε′δ + ε′2

= [infa∈AQ1(s, a)− infa∈AQ2(s, a)]
2 − ε ,

which establishes (43). The proof for the case δ < 0 follows
exactly the previous steps by using −δ instead of δ and by
interchanging Q1 with Q2.

Property (18a) is established as follows: ∀Q1, Q2 ∈ H,

‖Tµ(Q1)− Tµ(Q2)‖2H
= α2〈ΨΦav

µ
ᵀ(Q1 −Q2) | ΨΦav

µ
ᵀ(Q1 −Q2)〉H

= α2〈Φav
µ
ᵀ(Q1 −Q2) | ΨᵀΨΦav

µ
ᵀ(Q1 −Q2)〉

≤ α2‖ΨᵀΨ‖2〈Q1 −Q2 | Φav
µΦ

av
µ
ᵀ(Q1 −Q2)〉H

≤ α2‖KΨ‖2 · ‖Φav
µΦ

av
µ
ᵀ‖ · ‖Q1 −Q2‖2H

≤ β2‖Q1 −Q2‖2H ,

where observation ‖Φav
µΦ

av
µ
ᵀ‖ = ‖Φav

µ
ᵀΦav

µ ‖2 = ‖Kav
µ ‖2

and (19) were used to obtain the last inequality.
The proof of (18b) follows. For any Q1, Q2 ∈ H,

‖T (Q1)− T (Q2)‖2H
= α2‖Ψ(infµ∈M Φavᵀ

µ Q1 − infµ∈M Φavᵀ
µ Q2)‖2H

≤ α2‖KΨ‖2 ‖infµ∈M Φavᵀ
µ Q1 − infµ∈M Φavᵀ

µ Q2‖2

= α2‖KΨ‖2
Nav∑
i=1

[
inf
ai∈A

Q1(s
av
i , ai)− inf

ai∈A
Q2(s

av
i , ai)

]2
.

(44)

According to Lemma 11, there exist {δi 6= 0}Nav
i=1 s.t. for

any ε ∈ (0,mini∈{1,...,Nav}{
√
|δi|}) actions {a′i}

Nav
i=1 can be

selected so that (44) yields

‖T (Q1)− T (Q2)‖2H

≤ α2‖KΨ‖2
Nav∑
i=1

[
Q1(s

av
i , a

′
i)−Q2(s

av
i , a

′
i)
]2

+ εα2Nav‖KΨ‖2 . (45)

Take now any stationary policy µ′ ∈ M s.t. µ′(sav
i ) = a′i, ∀i.

Then, by Φav
µ′ := [ϕ(sav

1 , µ
′(sav

1 )), . . . , ϕ(s
av
Nav
, µ′(sav

Nav
))],∑Nav

i=1

[
Q1(s

av
i , a

′
i)−Q2(s

av
i , a

′
i)
]2

=
∑Nav

i=1

[
Q1(s

av
i , µ

′(sav
i ))−Q2(s

av
i , µ

′(sav
i ))

]2
= ‖Φav

µ′
ᵀ(Q1 −Q2)‖2

= 〈Φav
µ′

ᵀ(Q1 −Q2) | Φav
µ′

ᵀ(Q1 −Q2)〉
= 〈Q1 −Q2 | Φav

µ′Φav
µ′

ᵀ(Q1 −Q2)〉H
≤ ‖Kav

µ′‖2 ‖Q1 −Q2‖2H ,

so that (45) results in

‖T (Q1)− T (Q2)‖2H
≤ α2‖KΨ‖2 sup

µ′∈H
‖Kav

µ′‖2 ‖Q1 −Q2‖2H + εα2Nav‖KΨ‖2

= β2‖Q1 −Q2‖2H + εα2Nav‖KΨ‖2 .

Since ε can be made arbitrarily small, this last inequality
establishes (18b).

Appendix C
Proof of Theorem 4

The proof is built on arguments of [32, 49, 63]. In par-
ticular, following [32, §3, §4.1] and for an arbitrarily fixed
policy µ(·) ∈ M, define the linear covariance operators
Σzz,Σ

µ
s′z,Σ

µ
s′|z : H → H by

Σzz(Q) := Ez{〈ϕ(z) | Q〉H ϕ(z)} , (46a)
Σµ

s′z(Q) := E(s′,z){〈ϕ(s′, µ(s′)) | Q〉H ϕ(z)} , (46b)
Σµ

s′|z(Q) := Σ−1
zz Σ

µ
s′z(Q) , (46c)

where Ez{·} denotes expectation with respect to (w.r.t.) the
σ-subalgebra generated by z [30], similarly for E(s′,z){·}, and
Σ−1

zz stands for the inverse of Σzz . It is important to stress
here that the expectation symbols in (46) are considered in
the following sense. In (46a), for example, for arbitrarily fixed
Q ∈ H, Σzz(Q) stands for the unique point of H which
satisfies, according to the Riesz representation theorem [64],
〈Σzz(Q) | h〉 = Lzz(h), ∀h ∈ H, where Lzz(·) is the
linear continuous operator defined by Lzz(·) : H → R : h 7→
Lzz(h) := Ez{〈〈Q | ϕ(z)〉H · ϕ(z) | h〉H}, and where expec-
tation is taken here in the usual sense [30]. Operators (46b)
and (46c) are defined in a similar way.

Recall here also the definitions for the minimum σmin(A)
and maximum σmax(A) spectral values of a linear bounded
and self-adjoint operator A : H → H [56, Thm. 9.2-3]:

σmin(A) := inf‖h‖H=1〈h | A(h)〉H , (47a)
σmax(A) := sup‖h‖H=1〈h | A(h)〉H = ‖A‖ . (47b)

It can be verified by [63, Thm. 2] and [32, §4.1] that
Es′|z{Q(s′, µ(s′))} = 〈Σµ ∗

s′|z(ϕ(z)) | Q〉H, where ∗ denotes
the adjoint of a linear operator [64]. Hence, by the repro-
ducing property of the kernel in H, Es′|z{Q(s′, µ(s′))} =
〈ϕ(z) | Σµ

s′|z(Q)〉H = Σµ
s′|z(Q)(z), and the classical B-

Maps (2) take the following equivalent form:

(T �
µQ)(z) := g(z) + αΣµ

s′|z(Q)(z) , (48a)

(T �Q)(z) := g(z) + αΣ
µQ

s′|z(Q)(z) , (48b)

where the stationary policy µQ(·) is defined as in (2c). Along
the lines of Assumption 3(iii) and [32, (7)], define

Σ̂µ
s′|z := Σ̂µ

s′|z(N)

:= ΦTN
(KTN

+Nσ′
NIN )−1Φavᵀ

µ

= 1√
N
ΦTN

(
1
NKTN

+ σ′
NIN

)−1 1√
N
Φavᵀ

µ , (49)

so that (20a) is recast as

(TµQ)(z) := g(z) + αΣ̂µ
s′|z(Q)(z) . (50)

The following theorem asserts that the previous quantity is
a consistent finite-sample estimate of (46c).
Theorem 12. Assumption 3(i) means that∑+∞

i=1
‖Σ−3/2

zz Σµ
s′zei‖

2
H < +∞,

for a countable orthonormal basis (ei)
+∞
i=1 of H [64,

p. 267]. Under also Assumption 3(iv), P-limN→∞‖Σµ
s′|z −

Σ̂µ
s′|z(N)‖ = 0.
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Proof: [32, Thm. 1] yields P-limN→∞‖Σµ
s′|z −

Σ̂µ
s′|z(N)‖HS = 0, where ‖·‖HS stands for the Hilbert-Schmidt

norm of an operator [64, p. 267]. Consequently, the fact
‖·‖ ≤ ‖·‖HS [64, p. 267] establishes the claim of the theorem.

The claim of Theorem 4 that Tµ and T are contractions
follows directly by (18) and assumption β(N) ≤ β∞ < 1, a.s.
Now, the triangle inequality and Assumptions 3 suggest

‖T �
µ(Q1)− T �

µ(Q2)‖H (51a)
≤ ‖T �

µ(Q1)− Tµ(Q1)‖H + ‖T �
µ(Q2)− Tµ(Q2)‖H

+ ‖Tµ(Q1)− Tµ(Q2)‖H
≤ α‖Σµ

s′|z − Σ̂µ
s′|z(N)‖ ‖Q1‖H (51b)

+ α‖Σµ
s′|z − Σ̂µ

s′|z(N)‖ ‖Q2‖H (51c)

+ β∞‖Q1 −Q2‖H . (51d)

By applying P-limN→∞ to (51) and by Theorem 12, it can
be verified that ‖T �

µ(Q1) − T �
µ(Q2)‖H ≤ β∞‖Q1 − Q2‖H,

∀Q1, Q2 ∈ H, a.s. The claim ‖T �(Q1) − T �(Q2)‖H ≤
β∞‖Q1 − Q2‖H, ∀Q1, Q2 ∈ H, a.s., can be established in a
similar way to (51), but with µQ1 and µQ2 , whose definitions
are provided below (2c), taking the place of µ in (51b) and
(51c), respectively.

Consider now the fixed points Q�
µ and Qµ of T �

µ and Tµ,
respectively. Notice now that

‖Q�
µ −Qµ‖H

= ‖T �
µ(Q

�
µ)− Tµ(Qµ)‖H

≤ ‖T �
µ(Q

�
µ)− Tµ(Q

�
µ)‖H + ‖Tµ(Q�

µ)− Tµ(Qµ)‖H
≤ α‖(Σµ

s′|z − Σ̂µ
s′|z(N))(Q�

µ)‖H + β‖Q�
µ −Qµ‖H

≤ α‖Σµ
s′|z − Σ̂µ

s′|z(N)‖ ‖Q�
µ‖H + β∞‖Q�

µ −Qµ‖H , (52)

which yields

‖Q�
µ −Qµ(N)‖H ≤

α‖Q�
µ‖H

1− β∞
‖Σµ

s′|z − Σ̂µ
s′|z(N)‖ ,

that establishes in turn (21a) by Theorem 12.
Notice now that Q�

∗−Q∗ = T �(Q�
∗)−T (Q∗) = T �(Q�

∗)−
T (Q�

∗) + T (Q�
∗)− T (Q∗), that

T �(Q�
∗)− T (Q�

∗) = (Σ
µQ�

∗
s′|z − Σ̂

µQ�
∗

s′|z (N))(Q�
∗) ,

and follow steps like those in (52) to establish (21b) by
Theorem 12.

Appendix D
Proof of Theorem 6

The following discussion is performed for any ω chosen
arbitrarily from E(ε) of Assumption 5(i), after possibly ex-
cluding from E(ε) the union of zero-probability events which
appear via the qualifier “a.s.” in Assumptions 5(iii) to 5(vi).
By the definition of E(ε), ω ∈ E(ε) implies that there exists
a sufficiently large n0 s.t. for any n ≥ n0, there exists a
sufficiently large N [n] with ω ∈ E

(ε)
n,N [n].

By Assumptions 3, T �
µn

is β∞-Lipschitz continuous, and
thus a contraction for all sufficiently large n by Assump-
tion 5(iii) and the discussion after (51). Recall then the

Banach-Picard fixed-point theorem [31], which guarantees that
∀Q ∈ H, limK→∞(T �

µn+1
)K(Q) = Q�

µn+1
, with Q�

µn+1
being

the unique fixed point of T �
µn+1

.
Lemma 13. For all sufficiently large n, a.s.,

‖Q�
µn+1

− T �
µn+1

(Q�
µn

)‖H ≤ ∆2

1− β∞
.

Proof: For any k ∈ N∗,

‖(T �
µn+1

)k(Q�
µn

)− (T �
µn+1

)k−1(Q�
µn

)‖H
≤ β∞‖(T �

µn+1
)k−1(Q�

µn
)− (T �

µn+1
)k−2(Q�

µn
)‖H

≤ βk−1
∞ ‖(T �

µn+1
− Id)(Q�

µn
)‖H ≤ βk−1

∞ ∆2 ,

by Assumption 5(vi). Hence, for any K ∈ N∗,

‖(T �
µn+1

)K(Q�
µn

)− T �
µn+1

(Q�
µn

)‖H

≤
∑K

k=1
‖(T �

µn+1
)k(Q�

µn
)− (T �

µn+1
)k−1(Q�

µn
)‖H

≤
∑K

k=1
βk−1
∞ ∆2 ≤ ∆2

∑∞

k=0
βk
∞ = ∆2

1−β∞
. (53)

Since limK→∞(T �
µn+1

)K(Q�
µn

) = Q�
µn+1

, the application of
limK→∞ to (53) establishes Lemma 13.
Lemma 14. For all sufficiently large n,

‖Q�
µn+1

−Q�
∗‖H

≤ β∞‖Q�
µn

−Q�
∗‖H + 2β∞(∆0 + ε)

+ ∆1 +
∆2

1− β∞
.

Proof: By Assumption 5(iii) and by following again the
discussion after (51), it can be verified that T � is a β∞-
contraction. Observe also by Assumptions 5 and Lemma 13
that

‖Q�
µn+1

−Q�
∗‖H

≤ ‖T �(Qn)−Q�
∗‖H + ‖Q�

µn+1
− T �(Qn)‖H

= ‖T �(Qn)− T �(Q�
∗)‖H + ‖Q�

µn+1
− T �(Qn)‖H

≤ β∞‖Qn −Q�
∗‖H + ‖Q�

µn+1
− T �

µn+1
(Qn)‖H

+ ‖T �
µn+1

(Qn)− T �(Qn)‖H
≤ β∞‖Q�

µn
−Q�

∗‖H + β∞‖Qn −Qµn(N [n])‖H
+ β∞‖Qµn(N [n])−Q�

µn
‖H

+ ‖Q�
µn+1

− T �
µn+1

(Q�
µn

)‖H
+ ‖T �

µn+1
(Q�

µn
)− T �

µn+1
(Qn)‖H

+ ‖T �
µn+1

(Qn)− T �(Qn)‖H
≤ β∞‖Q�

µn
−Q�

∗‖H + β∞(∆0 + ε)

+ ∆2

1−β∞
+ β∞‖Q�

µn
−Qn‖H +∆1

≤ β∞‖Q�
µn

−Q�
∗‖H + β∞(∆0 + ε)

+ ∆2

1−β∞
+ β∞‖Qµn

(N [n])−Qn‖H
+ β∞‖Q�

µn
−Qµn

(N [n])‖H +∆1

≤ β∞‖Q�
µn

−Q�
∗‖H + 2β∞(∆0 + ε) + ∆1 +

∆2

1−β∞
,

which establishes Lemma 14.
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For a sufficiently large n, the application of Lemma 14
recursively for K times yields

‖Q�
µn+K

−Q�
∗‖H

≤ βK
∞‖Q�

µn
−Q�

∗‖H

+
∑K−1

k=0
βk
∞

(
2β∞(∆0 + ε) + ∆1 +

∆2

1−β∞

)
≤ βK

∞‖Q�
µn

−Q�
∗‖H

+ 1
1−β∞

(
2β∞(∆0 + ε) + ∆1 +

∆2

1−β∞

)
︸ ︷︷ ︸

∆′

,

and because of β∞ < 1,

lim sup
n→∞

‖Q�
µn

−Q�
∗‖H = lim sup

K→∞
‖Q�

µn+K
−Q�

∗‖H ≤ ∆′ .

Now, the triangle inequality suggests

‖Qn −Q�
∗‖H

≤ ‖Qn −Qµn
(N [n])‖H + ‖Qµn

(N [n])−Q�
µn

‖H
+ ‖Q�

µn
−Q�

∗‖H
≤ ∆0 + ε+ ‖Q�

µn
−Q�

∗‖H ,

and an application of lim supn→∞ to the previous inequality
yields lim supn→∞‖Qn − Q�

∗‖H ≤ ∆0 + ε + ∆′, which
establishes Theorem 6.

Appendix E
Proof of Theorem 8

First, recall operators (46c) and (49). Define then

ξn := (Σ̂µn

s′|z(N)− Σµn

s′|z)
∗(ϕ(zn−1)) , (54)

where superscript ∗ over a bounded linear operator denotes its
adjoint [64].

The linear covariance operators Σ
(n)
zz ,Σ

(n)
ξz ,Σ

(n)
ξξ : H → H

are introduced next; ∀Q ∈ H,

Σ(n)
zz (Q) := E{〈ϕ(zn) | Q〉H · ϕ(zn)} , (55a)

Σ
(n)
ξz (Q) := E{〈ϕ(zn−1) | Q〉H · ξn} ,

= E{〈ϕ(zn−1) | Q〉H
· (Σ̂µn

s′|z(N)− Σµn

s′|z)
∗(ϕ(zn−1))} , (55b)

Σ
(n)
ξξ (Q) := E{〈ξn | Q〉H · ξn}

= E{〈ϕ(zn−1) | (Σ̂µn

s′|z(N)− Σµn

s′|z)(Q)〉H
· (Σ̂µn

s′|z(N)− Σµn

s′|z)
∗(ϕ(zn−1))} , (55c)

where expectations in (55) are considered along the lines
of (46). It can be verified that Σ(n)

zz ,Σ
(n)
ξξ are self adjoint, i.e.,

Σ
(n)
zz

∗ = Σ
(n)
zz and Σ

(n)
ξξ

∗ = Σ
(n)
ξξ .

Proposition 15. With L(n)
µn [zn−1](·) defined in (30), its ex-

pected loss Gµn
(·) := E{L(n)

µn [zn−1](·)} takes the following
form for all sufficiently large n:

Gµn(Q) = 1
2 〈Q | Aµn(Q)〉H + 〈Q | Bµn(g)〉H
+ 1

2 〈g | Σzz(g)〉H , ∀Q ∈ H , (56)

where the linear Aµn
,Bµn

: H → H are defined by

Aµn
:= (αΣµn

s′|z − Id)∗Σzz(αΣ
µn

s′|z − Id) + α2Σξξ

+ αΣξz(αΣ
µn

s′|z − Id) + α(αΣµn

s′|z − Id)∗Σ∗
ξz ,

(57a)
Bµn

:= (αΣµn

s′|z − Id)∗Σzz + αΣξz . (57b)

Proof: Loss (30) takes the following form: ∀Q ∈ H,

L(n)
µn

[zn−1](Q) = 1
2 〈T

(n)
µn

(Q)−Q | ϕ(zn−1)〉2H
= 1

2

[
〈(αΣµn

s′|z − Id)(Q) | ϕ(zn−1)〉H

+ α〈ξn | Q〉H + 〈g | ϕ(zn−1)〉H
]2

= term1 + term2 + term3 , (58)

where

term1

:= 1
2

[
〈(αΣµn

s′|z − Id)(Q) | ϕ(zn−1)〉2H + α2〈ξn | Q〉2H

+ 2α〈(αΣµn

s′|z − Id)(Q) | ϕ(zn−1)〉H · 〈ξn | Q〉H
]
,

term2

:= 〈g | ϕ(zn−1)〉H · 〈(αΣµn

s′|z − Id)(Q) | ϕ(zn−1)〉H
+ α〈g | ϕ(zn−1)〉H · 〈ξn | Q〉H ,

term3 := 1
2 〈g | ϕ(zn−1)〉2H .

A closer look at term1 via (46a) suggests that

E{〈(αΣµn

s′|z − Id)(Q) | ϕ(zn−1)〉2H}
= E{〈(αΣµn

s′|z − Id)(Q) | 〈(αΣµn

s′|z − Id)(Q) | ϕ(zn−1)〉H
· ϕ(zn−1)〉H}

= 〈(αΣµn

s′|z − Id)(Q) | E{〈(αΣµn

s′|z − Id)(Q) | ϕ(zn−1)〉H
· ϕ(zn−1)}〉H

= 〈Q | (αΣµn

s′|z − Id)∗Σzz(αΣ
µn

s′|z − Id)(Q)〉H ,

that

α2 E{〈ξn | Q〉2H} = α2〈Q | E{〈ξn | Q〉Hξn}〉H
= 〈Q | α2Σξξ(Q)〉H ,

and

2αE{〈(αΣµn

s′|z − Id)(Q) | ϕ(zn−1)〉H〈ξn | Q〉H}
= 2α〈Q | E{〈(αΣµn

s′|z − Id)(Q) | ϕ(zn−1)〉H ξn}〉H
= α〈Q | Σξz(αΣ

µn

s′|z − Id)(Q)〉H
+ α〈Q | Σξz(αΣ

µn

s′|z − Id)(Q)〉H
= α〈Q | Σξz(αΣ

µn

s′|z − Id)(Q)〉H
+ α〈Q | (αΣµn

s′|z − Id)∗Σ∗
ξz(Q)〉H

= 〈Q | (αΣξz(αΣ
µn

s′|z − Id) + α(αΣµn

s′|z − Id)∗Σ∗
ξz)(Q)〉H .
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Hence, E{term1} = (1/2)〈Q | Aµn
(Q)〉H. Moreover,

E{term2}
= E{〈g | ϕ(zn−1)〉H · 〈(αΣµn

s′|z − Id)(Q) | ϕ(zn−1)〉H
+ α〈g | ϕ(zn−1)〉H · 〈ξn | Q〉H}

= 〈(αΣµn

s′|z − Id)(Q) | E{〈g | ϕ(zn−1)〉H ϕ(zn−1)}〉H
+ α〈Q | E{〈g | ϕ(zn−1)〉H ξn}〉H

= 〈Q | (αΣµn

s′|z − Id)∗Σzz(g)〉H + α〈Q | Σξz(g)〉H
= 〈Q | Bµn(g)〉H ,

and finally,

E{term3} = 1
2 E{〈g | ϕ(zn−1)〉2H}

= 1
2 〈g | E{〈g | ϕ(zn−1)〉Hϕ(zn−1)}〉H

= 1
2 〈g | Σzz(g)〉H ,

which completes the proof of Proposition 15.
It is worth noting here that by the adopted assumptions and

the observation Aµn
= A∗

µn
, operator Aµn

turns out to be
bounded linear and self-adjoint.
Lemma 16. The expected loss Gµn(·) (56) is σmin(Aµn)-
strongly convex for all sufficiently large n.

Proof: Verify that ∀Q1, Q2 ∈ H, ∀γ ∈ (0, 1),

γGµn(Q1) + (1− γ)Gµn(Q2)−Gµn(γQ1 + (1− γ)Q2)

= 1
2γ(1− γ)[〈Q1 | Aµn

(Q1)〉H + 〈Q2 | Aµn
(Q2)〉H

− 2〈Q1 | Aµn
(Q2)〉H]

= 1
2γ(1− γ)〈Q1 −Q2 | Aµn

(Q1 −Q2)〉H
≥ 1

2γ(1− γ)σmin(Aµn) ‖Q1 −Q2‖H ,

and recall that σmin(Aµn) is assumed to be positive for all
sufficiently large n.

Given the assertion of Lemma 16, define the minimizer

Q̆�
µn

:= argminQ∈HGµn
(Q) , (59)

which is well defined and unique because of the coercivity
and strongly convexity of Gµn

[31].
Lemma 17. For any h1, h2 ∈ H and any Q ∈ H,

∇ (〈· | 〈h1 | ·〉H h2〉H) (Q) = 〈Q | h1〉H h2 + 〈Q | h2〉H h1 ,

where ∇ stands for the Fréchet gradient [31].
Proof: Notice that for any q ∈ H,

〈Q+ q | 〈h1 | Q+ q〉H h2〉H − 〈Q | 〈h1 | Q〉H h2〉H
= 〈q | 〈h1 | Q〉H h2〉H + 〈Q | 〈h1 | q〉H h2〉H

+ 〈q | 〈h1 | q〉H h2〉H
= 〈q | 〈Q | h1〉H h2 + 〈Q | h2〉H h1〉H

+ 〈q | 〈h1 | q〉H h2〉H ,

that lim0 6=‖q‖H→0〈q | 〈h1 | q〉H h2〉H/‖q‖H = 0, and re-
call the definition of the Fréchet gradient [31] to establish
Lemma 17.
Lemma 18.
(i) For all sufficiently large n and for any Q ∈ Fn−1, a.s.,

∇Gµn(Q) = E|Fn−1
{∇L(n)

µn
[zn−1](Q)} ,

where E|Fn−1
{·} stands for the conditional expectation,

conditioned on the filtration Fn−1.
(ii) ∇Gµn

is ‖Aµn
‖-Lipschitz continuous.

Proof: Because of (56), ∇Gµn
(Q) = Aµn

(Q)+Bµn
(g).

By (58), ∇L(n)
µn [zn−1](Q) = ∇term1+∇term2. Following the

lines of the proof of Proposition 15, notice by Lemma 17 that

E|Fn−1
{∇〈(αΣµn

s′|z − Id)(Q) | 〈(αΣµn

s′|z − Id)(Q) | ϕ(zn−1)〉H
· ϕ(zn−1)〉H}

= E|Fn−1
{∇〈Q | 〈Q | (αΣµn

s′|z − Id)∗ϕ(zn−1)〉H
· (αΣµn

s′|z − Id)∗ϕ(zn−1)〉H}
= E|Fn−1

{2〈Q | (αΣµn

s′|z − Id)∗ϕ(zn−1)〉H(αΣµn

s′|z − Id)∗

· ϕ(zn−1)}
= 2(αΣµn

s′|z − Id)∗

· E|Fn−1
{〈(αΣµn

s′|z − Id)(Q) | ϕ(zn−1)〉Hϕ(zn−1)}
= 2(αΣµn

s′|z − Id)∗

· E{〈(αΣµn

s′|z − Id)(Q) | ϕ(zn−1)〉Hϕ(zn−1)}
(60)

= 2(αΣµn

s′|z − Id)∗Σzz(αΣ
µn

s′|z − Id)(Q) ,

where Assumption 7(iv) was used in (60). Furthermore,

α2 E|Fn−1
{∇〈Q | 〈Q | ξn〉Hξn〉H}

= α2 E|Fn−1
{2〈Q | ξn〉Hξn}

= α2 E{2〈Q | ξn〉Hξn}
= 2α2Σξξ(Q) ,

and

αE|Fn−1
{∇〈Q | 〈(αΣµn

s′|z − Id)(Q) | ϕ(zn−1)〉Hξn〉H}
= αE|Fn−1

{∇〈Q | 〈Q | (αΣµn

s′|z − Id)∗ϕ(zn−1)〉Hξn〉H}
= αE|Fn−1

{〈Q | (αΣµn

s′|z − Id)∗(ϕ(zn−1))〉Hξn
+ 〈Q | ξn〉H(αΣµn

s′|z − Id)∗(ϕ(zn−1))}
= αE|Fn−1

{〈(αΣµn

s′|z − Id)(Q) | ϕ(zn−1)〉Hξn}
+ α(αΣµn

s′|z − Id)E|Fn−1
{〈Q | ξn〉Hϕ(zn−1)}

= αE{〈(αΣµn

s′|z − Id)(Q) | ϕ(zn−1)〉Hξn}
+ α(αΣµn

s′|z − Id)E{〈Q | ξn〉Hϕ(zn−1)}

=
(
αΣξz(αΣ

µn

s′|z − Id) + α(αΣµn

s′|z − Id)∗Σ∗
ξz

)
(Q) ,

where Assumption 7(iv) was used again as in (60) to replace
conditional expectations by E{·}. The previous derivations
suggest E|Fn−1

{∇term1} = Aµn(Q). Moreover,

E|Fn−1
{∇term2}

= E|Fn−1
{∇〈g | ϕ(zn−1)〉H〈(αΣµn

s′|z − Id)(Q) | ϕ(zn−1)〉H
+ α∇〈g | ϕ(zn−1)〉H〈ξn | Q〉H}

= (αΣµn

s′|z − Id)∗ E|Fn−1
{〈g | ϕ(zn−1)〉Hϕ(zn−1)}

+ αE|Fn−1
{〈g | ϕ(zn−1)〉ξn}

= (αΣµn

s′|z − Id)∗ E{〈g | ϕ(zn−1)〉Hϕ(zn−1)}
+ αE{〈g | ϕ(zn−1)〉ξn}

= (αΣµn

s′|z − Id)∗Σzz(g) + αΣξz(g) = Bµn
(g) .
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Gathering all of the previous results, E|Fn−1
{∇term1 +

∇term2} = Aµn
(Q)+Bµn

(g) = ∇Gµn
(Q), which establishes

the proof of Lemma 18(i).
The proof of Lemma 18(ii) follows directly from the obser-

vation that ∀Q1, Q2 ∈ H,

‖∇Gµn(Q1)−∇Gµn(Q2)‖H = ‖Aµn(Q1)−Aµn(Q2)‖H
≤ ‖Aµn‖ ‖Q1 −Q2‖H ,

where it can be also observed by (57) that

‖Aµn‖ ≤ ‖Σzz‖ ‖αΣµn

s′|z − Id‖2 + α2‖Σξξ‖
+ 2α‖Σξz‖ ‖αΣµn

s′|z − Id‖ .

Lemma 19. There exist c1, c2 ∈ R++ s.t. for all sufficiently
large n and for any Q ∈ Fn−1, a.s.,

E|Fn−1
{‖∇L(n)

µn
[zn−1](Q)−∇G(Q)‖2H} ≤ c1‖Q‖2H + c2 .

Proof: Because of Lemma 18(i),

E|Fn−1
{‖∇L(n)

µn
[zn−1](Q)−∇G(Q)‖2H}

= E|Fn−1
{‖∇L(n)

µn
[zn−1](Q)‖2H} − ‖∇G(Q)‖2H

≤ E|Fn−1
{‖∇L(n)

µn
[zn−1](Q)‖2H} .

By following the proof of Lemma 18(i), it can be readily ver-
ified that ∇L(n)

µn [zn−1](Q) = A(n)
µn [zn−1](Q)+B(n)

µn [zn−1](g),
where the mappings

A(n)
µn

[zn−1](·) := 〈· | (αΣµn

s′|z − Id)∗ϕ(zn−1)〉H
· (αΣµn

s′|z − Id)∗ϕ(zn−1)

+ α〈· | (αΣµn

s′|z − Id)∗ϕ(zn−1)〉Hξn
+ α〈· | ξn〉H(αΣµn

s′|z − Id)∗ϕ(zn−1)

+ α2〈· | ξn〉Hξn ,
B(n)
µn

[zn−1](·) := (αΣµn

s′|z − Id)∗〈· | ϕ(zn−1)〉Hϕ(zn−1)

+ α〈· | ϕ(zn−1)〉Hξn .

Notice now by Assumption 7(iii) that for any Q ∈ H,

‖Σµn

s′|z(Q)‖H = ‖Σµn

s′|z(Q)− Σµn

s′|z(0)‖H
= 1

α‖T
�
µn

(Q)− T �
µn

(0)‖H
≤ 1

αβ∞‖Q− 0‖H = 1
αβ∞‖Q‖H ,

which suggests that ‖Σµn

s′|z‖ ≤ β∞/α. This implies in turn
‖αΣµn

s′|z − Id‖H ≤ α‖Σµn

s′|z‖ + ‖Id‖ ≤ αβ∞/α + 1 ≤ β∞ +

1. Moreover, the reproducing property of the kernel κ yields
‖ϕ(zn−1)‖2H = κ(zn−1, zn−1) ≤ Bκ. Notice also that

‖A(n)
µn

[zn−1](Q)‖H
≤

[
‖αΣµn

s′|z − Id‖2‖ϕ(zn−1)‖2H
+ 2α‖αΣµn

s′|z − Id‖ ‖ϕ(zn−1)‖H ‖ξn‖H

+ α2‖ξn‖2H
]
‖Q‖H

≤
[
(β∞ + 1)2Bκ + 2α(β∞ + 1)

√
Bκ‖ξn‖H

+ α2‖ξn‖2H
]
‖Q‖H ,

‖B(n)
µn

[zn−1](g)‖H
≤ ‖αΣµn

s′|z − Id‖ ‖ϕ(zn−1)‖2H + α‖ξn‖H ‖g‖H
≤ (β∞ + 1)Bκ + α‖ξn‖H ‖g‖H .

Observe that function (·)4/i : R → R is convex ∀i ∈
{1, 2, 3}, and recall Jensen’s inequality for conditional
expectation [30] to verify that (E|Fn−1

{‖ξn‖iH})4/i ≤
E|Fn−1

{‖ξn‖i·4/iH } = E{‖ξn‖4H} = m
(4)
ξ for all sufficiently

large n, ∀i ∈ {1, 2, 3}. These arguments suggest that there
exist {%i}4i=0 ⊂ R+ s.t.

E|Fn−1
{‖A(n)

µn
[zn−1](Q)‖2H}

≤ E|Fn−1

{[
(β∞ + 1)2Bκ + 2α(β∞ + 1)

√
Bκ‖ξn‖H

+ α2‖ξn‖2H
]2}

‖Q‖2H

= E|Fn−1

{∑4

i=0
%i‖ξn‖iH

}
‖Q‖2H

≤
[∑4

i=0
%i

(
E|Fn−1

{
‖ξn‖4H

})i/4] ‖Q‖2H

=

(∑4

i=0
%i(m

(4)
ξ )i/4

)
︸ ︷︷ ︸

c′1

‖Q‖2H ≤ c′1‖Q‖2H ,

E|Fn−1
{‖B(n)

µn
[zn−1](g)‖2H}

≤ (β∞ + 1)2B2
κ

+ 2α(β∞ + 1)Bκ‖g‖H E|Fn−1
{‖ξn‖H}

+ α2‖g‖2H E|Fn−1
{‖ξn‖2H}

≤ (β∞ + 1)2B2
κ

+ 2α(β∞ + 1)Bκ‖g‖H (E|Fn−1
{‖ξn‖4H})1/4

+ α2‖g‖2H (E|Fn−1
{‖ξn‖4H})2/4

= (β∞ + 1)2B2
κ + 2α(β∞ + 1)Bκ‖g‖H (m

(4)
ξ )1/4

+ α2‖g‖2H (m
(4)
ξ )1/2

=: c′2 .

Consequently,

E|Fn−1
{‖∇L(n)

µn
[zn−1](Q)‖2H} ≤ 2c′1

2‖Q‖2H + 2c′2
2

= c1‖Q‖2H + c2 ,

where c1 := 2c′1
2 and c2 := 2c′2

2. This completes the proof.
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An inspection of [2, Lemma 3.1], under the light of Lem-
mata 16, 18 and 19, suggests that for any sufficiently small
step size η, or more specifically, for any

η <
2σmin(Aµn

)

σ2
max(Aµn) + 2c1

,

there exists c3 ∈ R++ s.t.

lim supn→∞ E{‖Qn − Q̆�
µn

‖2H} ≤ c3η . (61)

Now, because T �
µn

is a contraction, its fixed point Q�
µn

is unique and satisfies (αΣµn

s′|z − Id)(Q�
µn

) = −g. This
implies that the linear (αΣµn

s′|z − Id) is non-singular, be-
cause any Q in the null space of (αΣµn

s′|z − Id) satisfies
(αΣµn

s′|z − Id)(Q�
µn

− Q) = −g, and thus Q = 0 [56,
Thm. 2.6-10(a)]. Therefore, (αΣµn

s′|z − Id)∗(αΣµn

s′|z − Id) is
also non-singular. Consequently, with σmin(·) defined by (47a),
σmin((αΣ

µn

s′|z − Id)∗(αΣµn

s′|z − Id)) > 0, because otherwise,
and by (47a), there would exist a sequence (hk)k∈N ⊂ H,
with ‖hk‖H = 1, s.t. limk→∞‖(αΣµn

s′|z − Id)hk‖2H = 0 ⇔
limk→∞(h′k := (αΣµn

s′|z − Id)hk) = 0 ⇔ limk→∞(hk =

(αΣµn

s′|z− Id)−1h′k) = 0 ⇒ 0 = limk→∞‖hk‖H = 1, which is
absurd. Moreover, notice that because of Lemma 16, Gµn

is
coercive [31], and there exists thus Bq̆ ∈ R++ s.t. ‖Q̆µn‖H ≤
Bq̆ , for all sufficiently large n, via Assumption 7(ii).

Notice that there exists m
(2)
ξ ∈ R++ s.t.

‖Σξξ‖ = sup
‖h‖H=1

〈h | Eξn{〈h | ξn〉H ξn}〉H

= sup
‖h‖H=1

Eξn{〈h | 〈h | ξn〉H ξn〉H}

= E{‖ξn‖2H} =: m
(2)
ξ , (62a)

and

‖Σξz‖ = sup
‖h‖H=1

〈h | Ezn−1,ξn{〈h | ϕ(zn−1)〉H ξn}〉H

= sup
‖h‖H=1

Ezn−1,ξn{〈h | 〈h | ϕ(zn−1)〉H ξn〉H}

≤ sup
‖h‖H=1

‖h‖2H Ezn−1,ξn{‖ξn‖H ‖ϕ(zn−1)‖H}

≤
√
Bκ E{‖ξn‖H} ≤ (Bκm

(2)
ξ )1/2 , (62b)

where Jensen’s inequality E{‖ξn‖H} ≤ (m
(2)
ξ )1/2 [30], pro-

pelled by the convexity of the function (·)2, was used in (62b).
Moreover, define

Ãµn
:= Aµn

− (αΣµn

s′|z − Id)∗Σzz(αΣ
µn

s′|z − Id)

= αΣξz(αΣ
µn

s′|z − Id) + α(αΣµn

s′|z − Id)∗Σ∗
ξz + α2Σξξ ,

B̃µn
:= Bµn

− (αΣµn

s′|z − Id)∗Σzz = αΣξz .

Via (62),

‖Ãµn
‖ ≤ 2α(Bκm

(2)
ξ )1/2‖(αΣµn

s′|z − Id)‖+ α2m
(2)
ξ

≤ 2α(Bκm
(2)
ξ )1/2(β∞ + 1) + α2m

(2)
ξ ,

‖B̃µn
‖ ≤ α(Bκm

(2)
ξ )1/2 .

Recall (αΣµn

s′|z − Id)(Q�
µn

) + g = 0, and observe
∇G(Q̆�

µn
) = 0, because of the convexity of Gµn

(·). Hence,

0 = (αΣµn

s′|z − Id)∗Σzz(αΣ
µn

s′|z − Id)(Q�
µn

)

+ (αΣµn

s′|z − Id)∗Σzz(g) ,

0 = Aµn
(Q̆�

µn
) + Bµn

(g) ,

which lead in turn to

0 = ‖(αΣµn

s′|z − Id)∗Σzz(αΣ
µn

s′|z − Id)(Q�
µn

)

+ (αΣµn

s′|z − Id)∗Σzz(g)− [Aµn
(Q̆�

µn
) + B(g)]‖H

= ‖(αΣµn

s′|z − Id)∗Σzz(αΣ
µn

s′|z − Id)(Q�
µn

− Q̆�
µn

)

− [Ãµn
(Q̆�

µn
) + B̃µn

(g)]‖H
≥ ‖(αΣµn

s′|z − Id)∗Σzz(αΣ
µn

s′|z − Id)(Q�
µn

− Q̆�
µn

)‖H
− ‖Ãµn

(Q̆�
µn

) + B̃µn
(g)‖H

≥ σmin((αΣ
µn

s′|z − Id)∗(αΣµn

s′|z − Id))σmin(Σzz)

· ‖Q�
µn

− Q̆�
µn

‖H − ‖Ãµn‖ ‖Q̆�
µn

‖H − ‖B̃µn‖ ‖g‖H .

The previous discussion suggests that there exists c4 ∈ R++

s.t.

‖Q�
µn

− Q̆�
µn

‖H

≤
‖Ãµn

‖ ‖Q̆�
µn

‖H + ‖B̃µn
‖ ‖g‖H

σmin((αΣ
µn

s′|z − Id)∗(αΣµn

s′|z − Id))σmin(Σzz)

≤

[
2α

√
Bκ(β∞ + 1) + α2(m

(2)
ξ )1/2

]
Bq̆

σmin((αΣ
µn

s′|z − Id)∗(αΣµn

s′|z − Id))σmin(Σzz)
(m

(2)
ξ )1/2

+
α
√
Bκ‖g‖H

σmin((αΣ
µn

s′|z − Id)∗(αΣµn

s′|z − Id))σmin(Σzz)
(m

(2)
ξ )1/2

≤ c4(m
(2)
ξ )1/2 .

Notice also that

m
(2)
ξ = E{‖ξn‖2H}

= E{〈(Σ̂µn

s′|z − Σµn

s′|z)
∗(ϕ(zn−1))

| (Σ̂µn

s′|z − Σµn

s′|z)
∗(ϕ(zn−1))〉H}

= E{〈ϕ(zn−1)

| (Σ̂µn

s′|z − Σµn

s′|z)(Σ̂
µn

s′|z − Σµn

s′|z)
∗(ϕ(zn−1))〉H}

≤ E{σmax((Σ̂
µn

s′|z − Σµn

s′|z)(Σ̂
µn

s′|z − Σµn

s′|z)
∗)

· κ(zn−1, zn−1)}
≤ Bκ E{‖(Σ̂µn

s′|z − Σµn

s′|z)(Σ̂
µn

s′|z − Σµn

s′|z)
∗‖}

= Bκ E{‖Σ̂µn

s′|z(N [n])− Σµn

s′|z‖
2} , (63)

so that

lim sup
n→∞

E{‖Q�
µn

− Q̆�
µn

‖2H}

= lim sup
n→∞

‖Q�
µn

− Q̆�
µn

‖2H

≤ c24m
(2)
ξ

≤ c24Bκ lim sup
n→∞

E{‖Σ̂µn

s′|z(N [n])− Σµn

s′|z‖
2} . (64)
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Combine now (61) with (64) to obtain

lim supn→∞ E{‖Qn −Q�
µn

‖2H}
≤ 2 lim supn→∞ E{‖Qn − Q̆�

µn
‖2H}

+ 2 lim supn→∞ E{‖Q�
µn

− Q̆�
µn

‖2H}
≤ 2c3η + 2c24Bκ lim sup

n→∞
E{‖Σ̂µn

s′|z(N [n])− Σµn

s′|z‖
2} ,

and hence,

lim supn→∞ E{‖Qn −Q�
∗‖2H}

≤ 2 lim supn→∞ E{‖Qn −Q�
µn

‖2H}
+ 2 lim supn→∞ E{‖Q�

µn
−Q�

∗‖2H}
≤ 4c3η + 4c24Bκ lim sup

n→∞
E{‖Σ̂µn

s′|z(N [n])− Σµn

s′|z‖
2}

+ 2 lim supn→∞ E{‖Q�
µn

−Q�
∗‖2H} ,

which establishes Theorem 8 with ∆4 := 4c3 and ∆5 :=
4c24Bκ.

Appendix F
Proof of Theorem 10

Lemma 20. There exist c1 ∈ R++ and c2 ∈ R+ s.t. the fol-
lowing inequalities hold true for all m ∈ {n−Mav+1, . . . , n}
and for all sufficiently large n, a.s.,

c1(ym − θᵀ
n+1xm)2 + c2 ≤ log |ym − θᵀ

n+1xm|2

≤ 1 + (ym − θᵀ
n+1xm)2 .

Proof: By the concavity of log(·), log$ ≤ 1+$, ∀$ ∈
R++. Hence, log |ym − θᵀ

n+1xm|2 ≤ 1 + (ym − θᵀ
n+1xm)2.

The concavity of log(·) suggests also that ∀$ ∈ (∆2
6,∆

2
7),

log$ ≥ log∆2
7 − log∆2

6

∆2
7 −∆2

6

($ −∆2
6) + log∆2

6 = c1$ + c2 ,

where c1 := (log∆2
7 − log∆2

6)/(∆
2
7 − ∆2

6) and c2 :=
log∆2

6 − ∆2
6(log∆

2
7 − log∆2

6)/(∆
2
7 − ∆2

6). Substituting $
in the previous inequality by |ym − θᵀ

n+1xm|2 establishes
Lemma 20.

Recall now the data model in Section I-A to verify that ym−
θᵀ
n+1xm = θᵀ

∗xm + om −θᵀ
n+1xm = (θ∗ −θn+1)

ᵀxm + om.
Moreover, recall (23a) and (29) to verify that the chosen one-
step loss satisfies

g(sn, µ(sn)) = g(sn, an) = g(zn)

= 1
Mav

n∑
m=n−Mav+1

log
|ym − θᵀ

n+1xm|2

‖xm‖22
.

Observe then via Lemma 20 that

Mav +
∑n

m=n−Mav+1
(ym − θᵀ

n+1xm)2

−
∑n

m=n−Mav+1
log ‖xm‖22 (65a)

≥
∑n

m=n−Mav+1
log |ym − θᵀ

n+1xm|2

−
∑n

m=n−Mav+1
log ‖xm‖22

=
∑n

m=n−Mav+1
log

|ym − θᵀ
n+1xm|2

‖xm‖22
=Mavg(sn, µ(sn)) (65b)

≥ c1
∑n

m=n−Mav+1
[(θ∗ − θn+1)

ᵀxm + om]2

+Mavc2 −
∑n

m=n−Mav+1
log ‖xm‖22

= c1
∑n

m=n−Mav+1
(θ∗ − θn+1)

ᵀxmxᵀ
m(θ∗ − θn+1)

+ 2c1
∑n

m=n−Mav+1
(θ∗ − θn+1)

ᵀxmom

+ c1
∑n

m=n−Mav+1
o2m +Mavc2

−
∑n

m=n−Mav+1
log ‖xm‖22 . (65c)

Notice also by Assumptions 9(v) and 9(vii) that there exists
c3 ∈ R s.t. E|θn+1

{log ‖xm‖22} = E{log ‖xm‖22} ≥ c3, for
all sufficiently large m, a.s. Observe also that E{‖xm‖22} =
E{trace(xmxᵀ

m)} = trace(E{xmxᵀ
m}) = trace(Σxx).

Hence, by (65), a.s.,

Mav +
∑n

m=n−Mav+1
E|θn+1

{(ym − θᵀ
n+1xm)2}

−Mavc3

≥Mav +
∑n

m=n−Mav+1
E|θn+1

{(ym − θᵀ
n+1xm)2}

−
∑n

m=n−Mav+1
E|θn+1

{log ‖xm‖22}

≥Mav E|θn+1
{g(sn, µ(sn))}

≥ c1
∑n

m=n−Mav+1
(θ∗ − θn+1)

ᵀ E|θn+1
{xmxᵀ

m}(θ∗ − θn+1)

+ 2c1
∑n

m=n−Mav+1
(θ∗ − θn+1)

ᵀ E|θn+1
{xmom}

+ c1
∑n

m=n−Mav+1
E|θn+1

{o2m}+Mavc2

−
∑n

m=n−Mav+1
E|θn+1

{log ‖xm‖22}

≥ c1
∑n

m=n−Mav+1
(θ∗ − θn+1)

ᵀ E{xmxᵀ
m}(θ∗ − θn+1)

+ 2c1
∑n

m=n−Mav+1
(θ∗ − θn+1)

ᵀ E{xm}E{om}

+ c1
∑n

m=n−Mav+1
E{o2m}+Mavc2

−
∑n

m=n−Mav+1
logE|θn+1

{‖xm‖22}

≥ c1λmin(Σxx)
∑n

m=n−Mav+1
‖θ∗ − θn+1‖22

+ c1Mavσ
2
o +Mavc2

−
∑n

m=n−Mav+1
logE{‖xm‖22}

= c1Mavλmin(Σxx)‖θ∗ − θn+1‖22 + c1Mavσ
2
o

+Mavc2 −Mav log trace(Σxx) ,
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which yield in turn

Mav(1− c3) +Mav∆
2
7

≥Mav +
∑n

m=n−Mav+1
E{(ym − θᵀ

n+1xm)2}

≥Mav E{g(sn, µ(sn))}
≥ c1Mavλmin(Σxx)E{‖θ∗ − θn+1‖22}+ c1Mavσ

2
o

+Mavc2 −Mav log trace(Σxx) ,

or equivalently,

1− c3 +∆2
7 (66a)

≥ E{g(sn, µ(sn))}
≥ c1λmin(Σxx)E{‖θ∗ − θn+1‖22}+ c1σ

2
o

+ c2 − log trace(Σxx) . (66b)

Recall now that Q�
µ = T �

µ(Q
�
µ). Hence, by (2a), ∀n ≥ n0,

Q�
µ(sn, µ(sn))

= T �
µ(Q

�
µ)(sn, µ(sn))

= g(sn, µ(sn)) + αEsn+1|sn{Q
�
µ(sn+1, µ(sn+1))} .

It can be directly verified by this last recursion and induction
that for any K ∈ N∗, a.s.,

Q�
µ(sn0 , µ(sn0))

= g(sn0 , µ(sn0)) +
∑n0+K−1

ν=n0+1
αν−n0 Esν |sn0

{g(sν , µ(sν))}

+ αK Esn0+K |sn0
{Q�

µ(sn0+K , µ(sn0+K))} ,

and hence,

E{Q�
µ(sn0

, µ(sn0
))} =

∑n0+K−1

ν=n0

αν−n0 E{g(sν , µ(sν))}

+ αK E{Q�
µ(sn0+K , µ(sn0+K))} .

(67)

By (66a), ∀K ∈ N∗,∑n0+K−1

ν=n0

αν−n0 E{g(sν , µ(sν))}

≤ (1− c3 +∆2
7)

∑n0+K−1

ν=n0

αν−n0

≤ (1− c3 +∆2
7)

∑+∞

ν=n0

αν−n0 =
1

1− α
(1− c3 +∆2

7) ,

so that
∑+∞

ν=n0
αν−n0 E{g(sν , µ(sν))} < +∞. Thus, by

applying lim supK→∞ to (67) and by recalling Assump-
tion 9(viii),

E{Q�
µ(sn0 , µ(sn0))} =

∑+∞

n=n0

αn−n0 E{g(sn, µ(sn))} .

Hence, by (66b),

E{Q�
µ(sn0

, µ(sn0
))} =

∑+∞

n=n0

αn−n0 E{g(sn, µ(sn))}

≥ c1λmin(Σxx)
∑+∞

n=n0

αn−n0 E{‖θ∗ − θn+1‖22}

+
∑+∞

n=n0

αn−n0 [c1σ
2
o + c2 − log trace(Σxx)]

= c1λmin(Σxx)
1

αn0+1

∑+∞

n=n0+1
αn E{‖θ∗ − θn‖22}

+
1

1− α
[c1σ

2
o + c2 − log trace(Σxx)] ,

which yields∑∞

n=n0+1
αn E{‖θ∗ − θn(µ(sn−1))‖22}

≤ αn0+1

c1λmin(Σxx)
E{Q�

µ(sn0
, µ(sn0

))}

+
1

c1λmin(Σxx)
· α

n0+1

1− α
[log trace(Σxx)− c1σ

2
o − c2] .

Observe that the way to update θn, ∀n ≥ n0, was not specified
throughout the previous analysis. As such, set θn := θn0

,
∀n ≥ n0, ∆8 := c1, ∆9 := c2 in the last inequality, and
finally substitute n0 by n to establish Theorem 10.
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